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• This exam consists of four problems. The problems can be solved independently. 

• Every problem has a maximum score of 100 points. 

• The final grade is the total score divided by 40, rounded to the nearest integer, 
provided that all individual scores are at least 50. If one of the individual scores 
is lower than 50, the final grade cannot be higher than 5. 

• In case you participated in one or more intermediate tests and/ or the exam on 
April 19, and you have not yet obtained an overall grade of 6 or higher, you 
can skip problems on this exam and have their scores replaced by the scores of 
the corresponding tests or the corresponding problems on the previous exam. 
Clearly indicate your choice. The score on the resit exam problem counts (even 
if it turns out to be lower than the previous score), unless you clearly indicate 
that you prefer to have it replaced by a previous score. 

• If you have already obtained an overall grade of 6 or higher after the intermediate 
tests and previous exam, you can only improve this grade by solving all problems 
on this exam (still requiring individual scores of at least 50 for all of them). 

• Although the exam is phrased in English, you can write your answers in Dutch. 

• Please write in blue or black, using a pen. Do not use a pencil. 

• During the exam you can consult the book "Introduction to Random Signals and 
Noise" by W. van Etten, or the lecture notes (no. 242 or 269) with the same title 
and author. 

• Prints of the lecture slides, personal notes, tutorial material, and old exams and 
their solutions cannot be used! 

• You may use your pocket calculator to calculate numerical answers. Laptop 
computers, PDAs, or mobile phones are not allowed on your table. 

• Do not leave during the last 15 minutes of the exam, i.e. after 12:00h. 

Problem 1: Periodic square wave with random duty cycle 

Consider the random periodic signal 
00 

X(t) = L Q(t- nT), 
n=-oo 

in which the pulse Q(t) is given by 

Q(t) = g ,O~t<D, 
, elsewhere , 

where the pulse duration D is a random variable that is uniformly distributed between 
0 and the pulse spacing T. The latter is a positive deterministic constant. 
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(a) Sketch a possible realization of X ( t) for 0 ::; t ::; 4T (i.e. four pulses should be 
visible). 

(b) Is X ( t) first-order stationary and/ or first-order cyclo-stationary? Motivate your 
answer. 

Now consider the random signal 
00 

Y(t) = L Q(t- n T- 8), 
n=-oo 

where the pulse Q(t) is still the same as specified before, and the time offset 8 is a ran
dom variable that is independent from the pulse duration D and uniformly distributed 
between 0 and T. 

(c) Is Y(t) first-order stationary and/or first-order cyclo-stationary? Motivate your 
answer. 

(d) Is Y ( t) (wide-sense) ergodic? 

Problem 2: Bandpass noise 
Wide-sense stationary white Gaussian noise with power spectral density N0/2 is filtered 
by a linear time-invariant bandpass filter with (Gaussian-shaped) transfer function 

1r w + w0 1r w - w0 ( ( )2) ( ( )2) H( w) = exp - 2 W + exp -2 W , 

where the center frequency w0 and bandwidth W are positive deterministic constants 
with w0 » W. The resulting noise at the filter output can be written in the quadrature 
form 

N(t) = X(t) cos(w0t)- Y(t) sin(w0t). 

(a) Calculate and plot the power spectral density function of N(t). 

(b) Show that the quadrature components X ( t) and Y ( t) are independent processes, 
and that their autocorrelation functions are given by 

Rxx(t, t + T) = Rvy(t, t + T) = N;: exp (-~;
2

) . 

(c) Derive an expression for fx(x; t), the first-order probability density function of 
the in-phase component X(t) . 

Suppose that a deterministic signal cos(w0t + ¢) is added to the white noise at the 
input of the filter. 

(d) Prove that the first-order joint probability function of the quadrature components 
X(t) and Y(t) is then given by 

( ) 1 ( 7r 2 2 . ) fxy x, y; t1, t2 = NoW exp -NoW ( x + y + 1 - 2x cos¢ - 2y sm ¢) . 
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Problem 3: Thermal noise in amplifiers 
Consider the voltage amplifier shown below. A capacitor and resistor are both con
nected in parallel with the input terminals of the amplifier. The capacitor has ca
pacitance C, and the resistor has resistance R and temperature T. The amplifier has 
infinite input impedance, and (real) output impedance R0 • The voltage amplification 
factor can be assumed to be a constant A up to frequencies much larger than 1/ ( R C) . 
The internal noise of the amplifier can be neglected. 

c voltage 
amplifier 

(a) Derive an expression for the power spectral density function of the input voltage 
of the amplifier. 

(b) Show that the total noise power that is available at the output terminals of the 
amplifier is given by 

Now suppose that T = 290K (room temperature), A = 20V/V, Ro = 500, and 
C = 20 nF. The output terminals of the voltage amplifier are connected to the input 
terminals of a power amplifier, as shown below. The available power gain of this power 
amplifier is equal to 20 dB up to frequencies in the order of its effective noise bandwidth, 
which is 100 MHz. Furthermore the power amplifier has an average standard noise 
figure of 6 dB. The output terminals of the power amplifier are connected to the input 
terminals of a power meter. The input impedance of the power meter is real and equal 
to the output impedance of the power amplifier. 

voltage 
amplifier 

power 
amplifier 

power 
meter 

(c) Show that the total noise power that is delivered to the power meter is -68 dBm. 



4 RESIT EXAM ·'RANDOM SIGNALS & NOISE" (191210680), JULY 5, 2013: 8:45- 12:15H 

Problem 4: Binary baseband transmission 
Consider a binary transmission system in which the binary ones and zeroes are mapped 
to the signals PI ( t) and p2 ( t), respectively, where 

( ) _ {A cos2 (1r t/T) 
PIt -

0 

() _{A sin2 (1rtjT) 
P2 t -

0 

, 0:::; t:::; T, 

, elsewhere, 

, 0:::; t:::; T, 

, elsewhere. 

The amplitude A and the symbol timeT are both positive deterministic constants. 

(a) Make plots of PI ( t) and p2 ( t), and prove that their energies are both equal 

to ~A2T. 

Now consider the signals 

{ 
~ , 0:::; t:::; T, 

¢I(t) = 
0
vT 

, elsewhere, 

<j>,(t) ~ { p cos(21rtjT) , 0:::; t:::; T, 

, elsewhere. 

(b) Show that ¢I ( t) and ¢2 ( t) form a complete orthonormal basis for PI ( t) and p2 ( t). 

(c) Draw the corresponding vectors p 1 and p 2 in the signal space, and verify that 
these vectors are in accordance with the energies calculated in Problem 4(a). 

Suppose that p1 (t) and p2 (t) are received with equal probabilities, and disturbed by 
additive white Gaussian noise with power spectral density N0 /2. 

(d) Design a receiver that minimizes the probability of a decision error, consisting 
of one correlation receiver and a decision device. Derive expressions for the 
correlator template of the correlation receiver and for the threshold of the decision 
device. 

(e) Derive an expression for the probability of a decision error (in terms of A, T, 
and N0 ). 

(f) Explain why this is not a very energy-efficient signal set for binary transmission. 
Specify a more energy-efficient signal set that can be used in combination with 
the same receiver. (Note that you have to specify signals - not their correspond
ing vectors!) Show that it reduces the average power by almost 5 dB, without 
increasing the probability of a decision error. 

THE END 


