
TEST 1 "RANDOM SIGNALS & NOISE", MARCH 8, 2013: 8:45-9:45H 1 

• This test consists of one problem, with a maximum score of 100 points. 

• During the test you can consult the book "Introduction to Random Signals and 
Noise" by W. van Etten. This test covers the Chapters 1-3 and Appendices B-H. 

• Prints of the lecture slides, personal notes, tutorial material, and old exams and 
their solutions cannot be used! 

• Please write in blue or black, using a pen. Do not use a pencil. 

• Laptop computers, PDAs, mobile phones, or any other communication devices 
are not allowed on your table. 

• Do not leave during the test. 

Problem: Harmonic signal with random frequency offset 

Consider the random harmonic signal 

X(t) = cos(n t + 8), 

where the angular frequency n and phase 8 are independent random variables. n is 
Gaussian distributed with mean w0 and variance vV2

, and 8 is uniformly distributed 
between 0 and 21r. 

(a) Explain why Theorem 1 and/or 2 on page 17 of the book cannot be used for 
evaluating the stationarity and/or ergodicity of X(t). 

(b) Show that X(t) is wide-sense stationary, and that its power spectral density 
function is given by 

1 {i [ ( (w + w0 )
2

) ( (w- w0 )
2
)] 

Sxx(w) = 2W V 2 exp - 2vV2 + exp - 2W2 

(c) Is X ( t) also wide-sense ergodic? 

Now consider the random signal Z(t) = X(t)Y(t), in which X(t) is specified above, 
and 

Y(t) = cos(w0t +<I>), 

where the phase <I> is a random variable that is uniformly distributed between 0 and 
27r. <I> is independent from n and 8. 

(d) Calculate and plot the power spectral density function of Z(t), assuming that 
Wo » W. 

THE END 
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Problem: Harmonic signal with random frequency offset 

(a) Although X(t) is periodic, the period T = 27r/D. is a random variable. (In order 
for Theorem 1 or 2 to apply, X(t) needs to be cyclo-stationary or periodic with 
deterministic period T.) 

(b) In order to show that X(t) is WSS, it has to be shown that its expected value 
and ACF do not depend on timet. The expected value follows from 

E[X(t)] =E[cos(D.t+8)] = JJ fne(w,O)cos(wt+O)dwdO. (1) 

Since nand 8 are independent RVs, we can write their joint PDF fne(w, 8) as the 
product of their marginal PDFs fn(w) and fe(O). From the uniform distribution 
of 8 we can then find 

E[X(t)] = J fn(w) J fe(O) cos(w t + 8) dO dw 

1 J {21r 
=

2
7r fn(w)}

0 
cos(wt+O)dOdw=O, 

since integrating the cosine over one period results in zero. 

Likewise, we can find for the ACF, using (C.9) on page 231 of the book: 

Rxx(t, t + T) = E[X(t)X(t + T)] = E[cos(D.t + 8) cos(D.(t + T) + 8)] 

= ~E[cos(n T) + cos(D.(2t + T) + 28)] = ... 

= ~ J fn(w)cos(wT)dw+ 4~ J fn(w) 12

7r cos(w(2t+T+8)d8dw 

(2) 

(3) 

= ~ J fn(w)cos(wT)dw, (4) 

where the second term disappeared because the cosine is integrated over two full 
periods, again resulting in zero. 

Hence we find that both the expected value and ACF do not depend on timet, 
so X(t) is WSS. 

Now, using (C.7) on page 231 of the book we can write (4) as 

Rxx(T) = t J fn(w)[exp(jwT) +exp(-jwT)J dw 

= t J [!n(w) + fn( -w) J exp(j w T) dw. (5) 

As X(t) is WSS, the ACF and PSD function form a Fourier transform pair 
(Theorem 3, page 39 of the book). Hence it follows from (3.2) that the PSD 
function is given by 

Sxx(w) = ~ [!n(w) + fn( -w)J . (6) 
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As n is Gaussian distributed with mean Wo and variance vV2
' its PDF follows 

from (2.74) on page 27, with X= w0 and r7x = W, resulting in 

1 fi [ ( (w + w0 )
2

) ( (w- w0 )
2
)] Sxx(w) = 2W V 2 exp - 2W2 + exp - 2W2 

(c) For X(t) to be WS ergodic, its time average needs to be equal to the expected 
value, and the time-averaged ACF needs to be equal to the ensemble-averaged 
ACF (definition on page 14 of the book). The time averages can be obtained 
directly from Example 2.1 on page 15 of the book, since it does not matter for 
the time averages whether the amplitude, phase and/ or frequency are random. 
From (2.26) and (2.29) we find 

A[X(t)] = 0, 

A [X(t)X(t + T)] = ~ cos(OT). 

(7) 

(8) 

Apparently, the time average is the same is the expected value (so X(t) is er
godic in the mean), but the time-averaged ACF depends on the random angular 
frequency n so it is not the same as the ensemble-averaged ACF. Hence X(t) is 
not WS ergodic. 

(d) We can write Z(t) as in (3.35) on page 47 of the book, with Y(t) replaced by 
Z(t), A0 = 1, and 8 = -<I>. (As <I> is uniformly distributed between 0 and 21r, the 
latter does not make a difference.) Since <I> is independent from 0 and 8, X(t) 
and Y(t) are independent processes, so we can use (3.38) on page 48 to calculate 
the PSD function of Z(t), resulting in 

Szz(w) = i [sxx(w- wo) + Sxx(w + wo)J 

= 8~V~ [exp (- (w ;:~o)2) + exp (- 2~:2) 
+ exp (- (w ;:~o)2)] (9) 

The plot consists of three Gaussian peaks around angular frequencies -2w0 , 0, 
and + 2w0 . The peaks should not overlap as w0 » W. 

THE END 


