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Problem 1: periodic random signal 
Consider a periodic random signal X(t) that is given by 

where w0 is a positive deterministic constant, and 8 is a random variable that is 
uniformly distributed between 0 and 1r. 

a) Sketch an arbitrary realization of X(t). 

b) Show that X(t) is wide-sense stationary. 

c) Prove that the power spectral density function of X(t) is given by 

Bxx(w) = ~1r[8(w + 2wo) + 48(w) + 8(w- 2wo)]. 

d) Show that the probability density function of X(t) is given by 

fx(x) ~ { ;v'L x' 
,0<x<1, 

, elsewhere. 

[Taken from the exam in April 2010.] 

Problem 2: jointly Gaussian processes 
Consider two jointly ergodic Gaussian processes X(t) and Y(t). They are identically 
distributed (i.e. they have different realizations but identical stochastic properties), 
with power spectral density functions 

{
1+87rc5(w) , lwl ::;1r, 

Bxx(w) = Syy(w) = 
0 , lwl > 7r, 

and cross power spectral density function 

S XY ( W) = 81r c) ( W) . 

(1) 

(2) 

a) Derive an expression for fx(x; t), the first-order probability density function of 
X(t). 

b) Derive an expression for fxy(x, y; t, t+T), the first-order joint probability density 
function of X(t) and Y(t). 

c) Derive an expression for fx(x 17 x2 ; t, t + T), the second-order probability density 
function of X ( t). 

[Taken from Bonus Test 1, 2011.] 
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Problem 3: sine with random amplitude 

Consider the random signal 
X(t) = A sin(w0t), 

where the amplitude A is a random variable that is uniformly distributed between 0 
and 1, and the angular frequency w0 is a deterministic constant. 

a) Is X(t) first-order stationary and/or first-order cyclo-stationary? 

Now consider the random signal 

Y(t) =A sin(w0t- w), 

where the phase \ll is a random variable that is uniformly distributed between 0 and 
27r. A and \ll are independent. 

b) Is Y ( t) first-order stationary and/ or first-order cyclo-stationary? 

c) Prove that Y(t) is wide-sense stationary with power spectral density function 

Syy(w) = i [a(w + wo) + a(w- wo)]. 

d) Is Y(t) also (wide-sense) ergodic? 

Suppose Y(t) is multiplied by a wide-sense stationary signal Z(t) with power spectral 
density function Bzz(w). Y(t) and Z(t) are mutually independent. 

e) Calculate the power spectral density function of the product. 

[Taken from Intermediate Test 1, 2012.] 
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Problem 1: periodic random signal 

a) X(t) can be written as 

X(t) = ~- ~ cos(2w0t- 28), (1) 

so it has a sinusoidal shape that takes values between 0 and 1, with period 1r / w0 . 

b) This can be done in two ways: 

1. By means of the definition of wide-sense stationarity, i.e. (2.15) on page 12 
of Van Etten's book. This involves calculating the mean and ACF of X(t): 

E [X(t)] =I: fe(B) sin2 (w0t- O)d() 

= .!. rr [~ - ~ cos(2wot- 20)] d() = ... = ~' (2) 
1f lo 

Rxx(t, t + T) = E [X(t)X(t + T)] 

=I: fe(B) sin2(wot- B) sin2(w0 (t + T)- O)d() 

=.!, {1r [~- ~ cos(2w0t- 20)] [~- ~ cos(2w0 (t + T)- 20)] d() 
1f Jo 

= .. = ~ + ~ cos(2w0T). (3) 

Neither the mean nor the ACF depends on absolute timet, so X(t) is WSS. 

2. When X(t) is written as 

(4) 

it follows that the random phase offset e results in a random time offset 
that is uniformly distributed between 0 and 1rjw0 . The latter equals the 
period of X ( t), so Theorem 2 on page 17 of the book applies in this case. 
Theorem 2 states that X(t) is strict-sense stationary, and therefore it is also 
WSS. 

c) Since X(t) is WSS, its PSD function follows from Theorem 3 on page 39 of the 
book. This requires the calculation of the ACF of X(t). This can be done ac
cording to the calculation in the first solution in Answer 1b), or, using ergodicity 
(Theorem 2): 

W {1r/wo 
Rxx(T) = 1fo Jo sin2 (wot) sin2 (wo(t + T))dt 

= wo {1r!wo [~- ~ cos(2wot)] [~- ~ cos(2w0 (t + T))] dt 
1f Jo 

= ... = ~ + ~cos(2woT). (5) 
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Its Fourier transform can be found using the Fourier pairs 2 and 13 on page 246 
of the book. 

d) Again this can be done in two ways: 

1. By first calculating the CDF. This can be done using the same procedure as 
in Example 2.2 (based on Theorem 2), on pages 18 and 19 in the book, i.e. 
by drawing one period of an arbitrary realization of X(t), and calculating 
the fraction of time for which this realization takes values equal to or smaller 
than x . For x < 0 it is obvious that X(t) is never equal to or smaller than 
x, so Fx(x) = 0 for x < 0. For x > 1 it is obvious that X(t) is always 
equal to or smaller than x, so Fx(x) = 1 for x > 1. For 0 ~ x ~ 1 we find 
that the realization is equal to or smaller than x in two time intervals with 
length T1 , with x = sin2 (w0T1). Hence it follows that T1 = arcsin( .JX)/w0 , 

so Fx(x) = 2TI/T = 2arcsin(Jx)/7r for 0 ~ x ~ 1. In general we have 

{

0 , X< 0, 

F x ( x) = ~ arcsin ( .JX) , 0 ~ x ~ 1 , 

1 ,x>l. 

(6) 

The PDF then follows by differentiation, where (C.39) and (C.30) on page 232 
of the book should be used to calculate 

8 1 8 1 1 
-
8 

arcsin( Jx) = -
8 

Vx = J[=X 
2 

r;; 
X J 1 _ ( Vx) 2 X 1 - X y X 

1 
(7) 

2. From (1) it follows that X(t) is a constant (1/2) plus a scaled (halved) 
version of a cosine with a uniformly distributed phase. Since the PDF of 
the latter does not depend on the frequency, the PDF of X(t) can be written 
as a shifted scaled version of the PDF in (2.43) on page 19 of the book: 

fx(x) = 2fy ( x ~~~2 ) = 2fy(2x- 1), 

where fy(.) is the PDF given by (2.43) on page 19 of the book. 

(8) 

Problem 2: jointly Gaussian processes 

a) Since X(t) and Y(t) are jointly Gaussian, X(t) is a Gaussian process so its first
order probability density function is fully determined by the mean and variance. 
X ( t) and Y ( t) are jointly ergodic and hence also individually ergodic, jointly wide
sense stationary, and individually wide-sense stationary, which implies strict
sense stationarity for Gaussian processes. As a result the first-order probability 
density function can be written as 

1 ( (x-Xi) fx(x; t) = fx(x) = ax...fi/i exp - 2ak , (9) 
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where the mean value X = E[X(t)] and variance al- = E[X2 (t)] - X2 do not 
depend on time because of the wide-sense stationarity. 

The mean value follows from the term with the 6 function in Sxx(w); when the 
inverse Fourier transform of Sxx(w) is taken, it results in a constant term equal 
to 4 in the autocorrelation function Rxx(r) (transform pair 2. on page 246). 
According to Property 4 on page 13 of the book (since X ( t) is WSS and ergodic), 
this is equal to X2 , so X is either equal to -2 or +2. 

The variance follows from 

ai- =- Sxx(w) dw- X2 =- [1 + 87r6(w)] dw- 4 = 1. 1 100 

1 17r 
271' _00 271' -tr 

(10) 

Hence we find 

1 ( (x ± 2)
2

) fx(x; t) = fx(x) = y'2i exp -
2 

' (11) 

b) The processes X(t) and Y(t) are identically distributed and jointly wide-sense 
stationary, so they have identical means X = Y = ±2 that do not depend 
on absolute time t. As the cross power spectral density function Sxy(w) can 
be written in the form (3.32), it follows from Property 5. on page 46 of the 
book that X(t) and Y(t) are uncorrelated. (This also follows by calculating 
the cross-covariance function Cxy(r) using (2.69) and (3.23) on pages 26 and 
45 of the book, respectively.) For Gaussian processes this implies that they are 
independent, so that the joint probability density function can be written as 

fxy(x, y; t, t + r) = fxy(x, y; r) = fx(x) fy(y), (12) 

where fx(x) was calculated in a) and fy(y) = fx(y), because X(t) and Y(t) are 
identically distributed. The means of X(t) are Y(t) are equal (so they cannot be 
chosen independently from -2 and +2), so the overall result can be written as 

f ( . )-2_ (-x
2
+y

2
±4(x+y)+8) 

XY X, y, T -
2

71' exp 
2 

. (13) 

c) The second-order probability density function of X(t) is equal to the joint prob
ability density function of X(t) and X(t + r), which is a bivariate Gaussian 
distribution, given by (2. 75) on page 28 in the book. It is fully determined by the 
means, variances and correlation coefficient p( t, t + r) of X ( t) and X ( t + r). Due 
to the wide-sense stationarity of X(t), X(t) and X(t + r) have equal means and 
equal variances, which have been calculated in a). According to (2.76), the corre
lation coefficient p(t, t+r) follows from the autocovariance function Cxx(t, t+r) 
and the variances of X(t) and X(t + r), which also do not depend on absolute 
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timet. Hence the second-order probability density function of X(t) can be writ
ten as 

with X= ±2, o-Jc = 1, and 

( ) _ Cxx(-r) _ R ( ) _ X-2 p T - 2 - XX T . 
ax 

(15) 

The autocorrelation function Rxx(-r) follows by taking the inverse transform of 
Sxx(w). Using Fourier transform pairs 2. and 6. on page 246 in the book this 
results in 

Rxx(-r) = sinc(1r-r) + 4, (16) 

and hence 
p(-r) = sinc(1r -r). (17) 

Problem 3: sine with random amplitude 

a) At any time instant t1 , the signal can be considered as a random variable X(t1 ) 

that is uniformly distributed between 0 and sin(w0t1). (In other words, the first
order probability density function of X(t) could be written as: 

1 
, 0 ~ x ~ sin(woti) and 0 < w0t + k 271" ~ 1r, 

, sin(w0t1 ) ~ x ~ 0 and 1r < w0t + k 271" ~ 271", (18) 

, elsewhere, 

where k is an integer number. Writing down the formula is not necessary though.) 

The first-order distribution depends on the time instant t1, so X(t) is not first
order stationary. 

However, as it is periodic with period 27rlw0, X(t) is cyclo-stationary with pe
riod 271" I w0 . 

b) Y(t) can be written as a time-delayed version of X(t), i.e. Y(t) = X(t- 8) with 
8 = 'ii! lw0 . Since 'ii! is uniformly distributed between 0 and 21r, it follows that 8 
is uniformly distributed between 0 and 27rlw0 . As X(t) is cyclo-stationary with 
period 271" I w0 , Theorem 1 can be applied, and it follows that Y ( t) is first-order 
stationary (and hence also first-order cyclo-stationary). 
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c) Proving that Y(t) is WSS can be done in two ways: 

1. Using the definition ofWSS, we should prove that the expected value E[Y(t)] 
and the ACF Ryy(t, t+T) do not depend on timet. From the independence 
of A and W it follows that these can be written as 

E[Y(t)J = E[A sin(w0t- w)] = E[A]E[sin(w0t- w)J, (19) 

Ryy(t, t + T) = E[Y(t)Y(t + T)] 

= E[A sin(wot- w)A sin(wo(t + T)- w)] 

= E[A2]E[sin(wot- w) sin(wo(t + T)- w)]. (20) 

We know from Example 2.1 on page 15 of the book that 

E [sin(w0t- w)J = 0, (21) 

E [sin ( w0t - W) sin ( w0 ( t + T) - W) J = ~ cos ( w T) , ( 22) 

so we find 

E[Y(t)] = 0, (23) 

Ryy(t, t + T) = ~E[A2] cos(w T), (24) 

and we conclude that Y(t) is WSS. 

2. From the answer to Problem 1b) it follows that we can apply Theorem 1. 
Hence, if we can prove that X ( t) is wide-sense cycle-stationary with period 
2n/w0 , then it follows that Y(t) is WSS. The expected value and ACF of 
X(t) can be written as 

E[X(t)] = E[A sin(w0t)] = E[A]sin(w0t), (25) 

Rxx(t, t + T) = E[X(t)X(t + T)] = E[A sin(w0t)A sin(w0 (t + T))] 

= E[A2] sin(w0t) sin(w0 (t + T)). (26) 

These are both periodic in time with period 2n/w0 , so X(t) is indeed wide
sense cycle-stationary with period 2n / w0 • 

As Y(t) is WSS, the PSD function can be found using the Wiener-Khinchin 
relations (Theorem 3 on page 39). From (24) and Fourier pair 13 on page 246 we 
find 

Syy ( w) = ~ E [A 2] [ o ( w + w0 ) + o ( w - wo) J , (27) 

where the mean squared value of A follows from the uniform distribution of A: 
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d) Y(t) is wide-sense ergodic if the time-average and time-averaged ACF of any 
realization of Y(t) are equal to the expected value and ACF of Y(t). From 
Example 2.1 on page 15 of the book we find 

A[Y(t)] = A[A sin(w0t- w)] = AA(sin(w0t- w)] = 0, (29) 

A[Y(t)Y(t + r)] = A[A sin(w0t- w)A sin(w0 (t + r)- w)] 

=A2A[sin(w0t-'ll)sin(w0(t+r)-w)] = ~
2 

cos(wr), (30) 

so Y(t) is ergodic in the mean but not in the ACF. (The time-averaged ACF 
depends on the random amplitude A.) Hence Y(t) is not wide-sense ergodic. 

e) As Y(t) and Z(t) are mutually independent, the power spectral density of the 
product follows from (3.4.2) on page 50 of the book: 

2
1 

( Syy ® Szz) (w) = f-1 00 i [b"(v + wo) + b"(v- wo)]Szz(w- v) dv 
n n -oo 

= 
1
1
2 

[szz(w + wo) + Bzz(w- wo)], (31) 

where® denotes convolution. 


