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Problem 1: pulse width modulation 
Consider a binary transmission system that is disturbed by wide-sense stationary ad
ditive white Gaussian noise with power spectral density N0 /2. The binary zeroes and 
ones are mapped to PI(t) and p2 (t) with equal a-priori probabilities, where 

p,(t) ~ {~ 

l>l(t) ~ { ~ 

, 0 5: t 5: T /2, 

, elsewhere, 

, 0 5: t 5: T, 

, elsewhere. 

The amplitude A and the symbol time T are both positive constants. 

(a) Make plots of PI(t) and p2 (t), and calculate their energies. 

Now consider the signals 

¢,(t) ~ { p 
¢,(t) ~ { p 

, 0 5: t 5: T /2, 

, elsewhere, 

, T /2 5: t 5: T, 

, elsewhere. 

(b) Show that ¢I ( t) and ¢2 ( t) form a complete orthonormal basis for PI ( t) and p2 ( t). 

(c) Draw the corresponding vectors PI and p 2 in the signal space, and verify that 
they are in accordance with the energies calculated in Problem 4a). 

(d) Design an optimal receiver, and reduce it to one correlation receiver and a deci
sion device. Specify the correlator template of the correlation receiver and the 
threshold of the decision device. 

(e) Calculate the probability of a decision error. 

(f) Explain why this is not a very energy-efficient signal set for binary transmission. 
Specify a more energy-efficient signal set that can be used in combination with 
the same correlation receiver. (Note that you have to specify signals- not their 
corresponding vectors!) Show that it reduces the average transmission power by 
almost 8 dB, without increasing the probability of a decision error. 

[Taken from the exam in April 2011.] 
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Problem 2: binary frequency-shift keying 
Consider a binary transmission system that is disturbed by wide-sense stationary ad
ditive white Gaussian noise with power spectral density N0/ 2. The binary zeroes and 
ones occur with equal probability, and are mapped to p0 (t) and p1(t), respectively, 
where 

( ) _ {A cos(w0t) 
Pot -

0 

( ) _ {A cos(wtt) 
P1 t -

0 

, 0 ~ t ~ T, 

, elsewhere, 

, 0 ~ t ~ T , 

, elsewhere. 
(1) 

The amplitude A the frequencies w0 and w1 and the symbol time T are all positive 
constants and it may be assumed that w0T » 1 and w1T » 1. 

(a) Prove that the energies of p0 (t) and p1(t) are both equal to ~A2T. 

(b) Calculate the inner product of p0 (t) and p1(t), draw it as a function of the angular 
frequency difference lwo - w1 1, and show that the smallest angular frequency 
difference that results in orthogonal signals is given by lwo - w11 = 1r /T. 

Now assume that indeed lwo - wd = 7r /T. 

(c) Derive a suitable orthonormal basis for p0 (t) and p1(t), and draw the correspond
ing constellation in the signal space. 

(d) Design an optimal receiver, and reduce it to one linear time-invariant filter and 
a decision device. Specify the impulse response of the filter, and the threshold of 
the decision device. 

(e) Calculate the probability of a bit error. 

(f) Can this probability of error be decreased by changing the angular frequency 
difference jw0 - w1 j? Motivate your answer. 

[Taken from the exam in April 2009.] 

THE END 
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Problem 2: binary frequency-shift keying 

(a) The energy of p1(t) follows from 

Ei = joo p~(t)dt = {T A2 cos2 (wit)dt = ~A2 {T [ 1 + cos(2w1t) J dt -oo lo lo 
= ~A2 [t + 2~i sin(2wit) J ~ = ~A2T [1 + sinc(2wiT) J . (24) 

Since wiT» 1 this can be approximated as Ei ~ ~A2T. 

(b) The inner product of p0 (t) and p1(t) follows from: 

Using (C.9) in the book this becomes 

(Po(t), P1 (t)) = ~A2 1T [cos( (wo - w1)t) +cos( (wo + w1)t)] dt 

=~A2 [sin((w0 -w1)t) + sin((w0 +wdt)]T 
Wo- WI Wo +wl 

0 

= ~A2T [sine( (w0 - w1)T) +sine( (w0 + w1)T)] . (26) 

Since wiT» 1 the last term can be neglected, resulting in 

(27) 

The smallest frequency difference for which this inner product becomes zero is 

given by lwo - w1l = 1r /T. 

(c) p0 ( t) and p1 ( t) are already orthogonal signals, so we can derive a suitable basis 
by normalizing these. Using Answer 2(a) this results in 

, 0 :S t :S T, (28) 
, elsewhere, 

with i E {0, 1}. The corresponding signal vectors are p 0 = [AJT72, OJ and 
p 1 = [0, AJT72]. The constellation diagram is shown in Figure A.5 in the book 
(binary orthogonal signals). 

(d) The optimum receiver is given by Figure 7.4 in the book, with !vi= 2. Hence it 
consists of two matched filters that are matched to p0 (t) and p1 (t), respectively, 
two offsets b0 and b1, and a decision device that determines which output is the 
largest. The two branches can be replaced by one branch with one matched filter 
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that is matched to p0 ( t) - p1 ( t), and a decision device with threshold D = b1 - bo. 

The impulse response of the matched filter is hence given by 

h(t) = Po(to - t) - P1 (to - t) 

= {:[cos( wo(to- t)) -cos( w,(to- t))] 

and the threshold follows from (7.37) in the book as 

, to - T ~ t ~ to, 

, elsewhere, 

No No 
D = b1 - bo = 

2 
ln P1 - EI/2 - 2ln Po + Eo/2 

(29) 

(30) 

Since p0 (t) and Pt(t) have equal probabilities and equal energies, we find D = 0. 

(e) Since P0 = P 1 and the noise is AWGN, the probability of a bit error follows from 
(7.43) in the book: 

(31) 

where Ed is the energy of p0(t)- p1(t). Using (A.30) we can write this as Ed= 
E0 + E1 - 2E12 , where E01 is the inner product of p0 (t) and Pl(t). Since Po(t) 
and p 1 ( t) are orthogonal we find Ed = Eo + E1 = A 2T, so 

(32) 

Alternatively, we could use that the Euclidian distance in the signal space is 
d12 = -/2E (see Figure A.5 in the book), so it follows that Ed= di2 = 2E = A2T. 

(f) The probability of error can be minimized by minimizing the inner product of 
p0 ( t) and p1 ( t), as this maximizes the difference energy Ed. From Answer 2 (b) 
it follows that the inner product also takes negative values for certain frequency 
differences, so it is not minimized by making it zero. Choosing for example 
lwo- w11 = ~1rjT results in an inner product (p0 (t),p1(t)) = - 3~A2T. This 
would increase the difference energy by 0.84 dB. 

THE END 


