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Problem 1 
Consider a linear time-invariant system with input voltage X(t) and output volt
age Y ( t). X ( t) is a wide-sense ergodic Gaussian process. 

a) Prove that X(t) and Y(t) are jointly wide-sense ergodic. 

Now suppose the system is a first-order RC low-pass filter with resistance R and ca
pacitance C. The output voltage is measured to have autocorrelation function 

( lrl) Ryy(r)=9exp -RC +25. 

b) Calculate and sketch the first-order probability density function of the output 
voltage Y(t). 

c) Calculate and sketch the autocorrelation function of the input voltage X(t). 

Problem 2 
Consider a random data signal that is given by 

X(t) = LA[n]p(t-nT-8), 
n 

where the random time offset 8 is uniformly distributed between 0 and the pulse 
spacing T. The symbols A[n] are encoded data symbols. They are obtained from the 
uncoded data symbols B[n] as 

A[n] = B[n]- B[n- 1]. 

The uncoded data symbols B[n] are mutually independent (and independent from 8), 
and take values -1 and 3 with probabilities P _1 = 3/4 and P +3 = 1/4, respectively. 

The pulse shape p( t) is given by 

p(t) = {exp( -27r tjT), fort~ 0, 
0, fort< 0. 

a) Sketch a possible realization of X(t) for -3T < t < 3T, and explain how it was 
obtained. 

b) Determine the Fourier transform of the pulse shape. 

c) Calculate the autocorrelation function of the uncoded data sequence B[n]. 

d) Prove that the autocorrelation function of the encoded data sequence A[n] 1s 
given by 

{

6, 

RAA[m] = -3, for lml = 1, 

0 , for lml > 1. 

form= 0, 
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e) Calculate and sketch the power spectral density function of the random data 
signal X(t). 

The random data signal X(t) is multiplied by a random harmonic signal 

S(t) =A cos(w0t + 8), (1) 

where the amplitude A and angular frequency w0 are deterministic constants, and the 
phase 8 is uniformly distributed between 0 and 211". The product is passed through a 
linear time-invariant filter with transfer function 

H(w) = {1, for Wo- 21rjT < lwl < w0 + 21rjT, 
0, elsewhere. 

f) Sketch the power spectral density function of the output signal of the filter, 
assuming that wo > 211" fT. 

[Taken from the exam in August 2009. J 



, 
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Problem 1 

a) X(t) and Y(t) are jointly wide-sense ergodic if they are individually wide-sense 
ergodic and if the time-averaged CCF is equal to the ensemble-averaged CCF 
(book page 21). Y(t) is wide-sense ergodic if its time average mean and ACF 
are equal to its ensemble-averaged mean and ACF (book page 14). The time
averaged mean and ACF are given by: 

A[Y(t)] =A[! h(p)X(t- p)dp] , (1) 

A(Y(t)Y(t + 7)] =A[! h(p1)X(t- pl)dp1 J h(p2)X(t + 7- P2)dp2] 

=A [! J h(pi)h(p2)X(t- pi)X(t + 7- P2)dp1dP2] , (2) 

where h(.) denotes the impulse response of the LTI system. Because time
averaging and integration are linear operations, their order can be reversed. (This 
also follows by writing the time-averaging as a limit and integral.) From the er
godicity of X(t) it then follows that we can write 

A(Y(t)J = J h(p)A[X(t- p)]dp = J h(p)E[X(t- p)]dp, (3) 

A(Y(t)Y(t + 7)] = J J h(pi)h(p2)A[X(t- pl)X(t + 7- P2)]dp1dP2 

= J J h(pi)h(p2)Rxx(7 + P1- P2)dp1dP2. (4) 

According to (4.15) and (4.16) on page 69 of the book these indeed correspond 
to the ensemble-averaged mean and ACF of the output signal Y(t), so Y(t) is 
also wide-sense ergodic. 

Likewise, we find for the time-averaged CCF of X ( t) and Y ( t): 

A(X(t)Y(t + 7)] =A [x(t) J h(p)X(t + 7- p)dp] 

= J h(p)A[X(t)X(t + 7- p)]dp 

= J h(p)Rxx(7- p)dp. (5) 

According to ( 4. 22) on page 70 of the book this indeed corresponds to the 
ensemble-averaged CCF of X ( t) and Y ( t), so X ( t) and Y ( t) are jointly wide
sense ergodic. 
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b) Since input voltage X(t) is a Gaussian process and the system is linear, the 
output signal Y(t) is also a Gaussian process. Hence the first-order PDF is a 
Gaussian PDF. As X(t) and Y(t) are jointly ergodic, they are also jointly WSS, 
and hence Y(t) is WSS. Therefore Y(t) is also strict sense-stationary and its 
first-order PDF can be written as 

1 ( (y- J.Ly)2) 
Jy(y; t) = jy(y) = uyv'21f exp - 2<1} , (6) 

where J.Ly and <1} are the mean and variance of Y(t). Since Y(t) is WSS these 
do not depend on time and follow from the properties on page 13 of the book. 
As Y ( t) is wide-sense ergodic, the mean follows from 

J.L} = lim Ryy(T) = 25 =9- J.L = ±5. 
lrl-+oo 

(7) 

The variance is given by 

(8) 

c) The ACFs of X(t) and Y(t) are related by (4.19) on page 69 of the book, i.e. 
Ryy(T) can be found by convolving Rxx(T) with the impulse reponse and with 
the time-reversed impulse response. However, in this case only Ryy ( T) is given 
and we cannot perform an "inverse" convolution. Therefore we have to find 
Rxx(T) via the frequency domain, through (4.27) on page 71 of the book. The 
transfer function of the RC filter is given by (4.29) on page 71, so we find 

(9) 

As Y(t) is WSS, its power spectral density function follows from (3.1) on page 39 
of the book. Using Fourier pairs 2 and 21 on page 246 this results in 

18RC 
Syy(w) = 1 + (w RC)2 + 507rc5(w). (10) 

From (4.27) on page 71 of the book we can now find the power spectral density 
of input signal as 

Syy(w) 
Sxx(w) = I l2 = 18 RC + 507r 8(w). 

H(w) 
(11) 

The ACF of the input signal now follows from (3.2) on page 39 and Fourier pairs 1 
and 2 on page 246 as 

Rr(T) = 18RC8(T) + 25. (12) 

(I.e. the input signal consists of white noise and a DC term.) 
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Problem 2 

a) Obviously, A[n] can take the values -4, 0, and +4. Due to the memory effect, 
however, not every sequence that can be made using these values will represent 
a possible realization of A[n]. 

A proper approach to find a a possible realization of A[n] for -4 :::; n :::; 3 
is to fill a table with possible values for B[-5], B[-4], ... , B[3] (-1 or 3, in 
arbitrary order), and calculate the corresponding values of A[-4], A[-3], ... , 
A[3]. (The only sequences that are possible, are the ones in which -4 and +4 
occur alternately, with an arbitrary number of Os in between.) 

The corresponding realization of X(t) can then be drawn by multiplying time
shifted single-sided exponentials by these numbers. 

b) This can be done using FT pair 17 on page 246, with a = 27r /T, resulting in 

1 T 
P(w)= ----

27r/T + jw 27f + jwT 
(13) 

c) The ACF of B[n] is equal to E[B[n]B[n + ml]. Form= 0 this becomes 

[ [ 
2 ] 2 2 1·3+9·1 

REB OJ= E B [n] = ( -1) P -1 + 3 P3 = 
4 

= 3. (14) 

Form =I= 0 the symbols B[n] and B[n + m] are independent, so we have 

E[B[n]B[n + ml] = E[B[nl]E[B[n + ml], (15) 

with 

-1·3+3·1 
E(B[nl]=E(B[n+ml]=(-1)P_1 +3P3 = 

4 
=0, (16) 

resulting in 

[ l {
3 ,m=O, 

RBBm = 
0 ,m=/=0. 

(17) 

d) The easiest way to do this is to express the ACF of A[n] in the ACF of B[n], 
using the definition of ACF. This results in 

RAA[m] = E[ { B[n]- B[n -1] }{ B[n + m]- B[n + m -1]}] 
= 2 RBB[m]- RBB[m- 1]- RBB[m + 1]. 

Substituting the answer of Problem 2c) then gives the desired result. 

An alternative is to calculate the probability distribution of A[n] A[n + m] for 
different values of m, but that calculation will be more complicated and more 
comprehensive (although it can be done). 
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e) Using (4.61) now results in 

T [ ] 12T . 2 
Sxx(w) = (21r)2 + (wT)2 6-6 cos(wT) = (21r)2 + (wT)2 sm (wT/2). (18) 

f) The spectrum of the modulated data signal at the input of the filter can be 
found using (3.38) in the book. The power spectral density of the output signal 
of the filter follows by multiplying the result by IH(w)l2 (Theorem 7 on page 71 
of the book) . The result is two frequency-shifted versions of Sxx(w) (to ±w0 ), 

both truncated to a bandwidth 47r /T (which exactly corresponds to the first two 
sidelobes). 


