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Problem 1 
A particular manufacturer fabricates very cheap harmonic oscillators for communica
tion equipment. The disadvantage of these oscillators is that the frequency of the 
output signal is not specified very accurately. As a result, the output signal of the 
oscillator should be considered as a random bandpass process S(t) that can be written 
as 

S(t) =So cos( (wo + ~n)t +<I>) , 
where S0 is the constant (deterministic) amplitude of the output signal, and w0 is the 
intended (deterministic) carrier frequency of the signal. The frequency offset ~n is a 
random variable with a certain probability density function /6.n(w). The phase <I> is 
also a random variable, and is uniformly distributed between 0 and 21r. ~n and <I> 

can be assumed to be independent. As a result, S(t) can be proven to be wide-sense 
stationary (WSS). 

a) Write S(t) in the quadrature form, i.e. 

S(t) = X(t) cos(w0t)- Y(t) sin(w0t), 

and derive expressions for the quadrature components X(t) and Y(t) in terms of 
So, ~n, and <I>. 

b) Prove that the autocorrelation function of X(t) can be written as 

where F- 1 
{.} denotes inverse Fourier transform. 

c) Calculate the power spectral density functions Sxx(w) and Syy(w). 

d) Calculate the cross power spectral density function Sxv(w). 

e) Show that X(t) and Y(t) are orthogonal when /6.n(w) is an even function of w. 

Now assume that ~n is uniformly distributed between - W /2 and W /2. 

f) Prove that the power spectral density of S(t) is given by 

1r SJ [ ( w + Wo) (w - wo)] S88 (w) = 2W rect W + rect W 

[Taken from the exam in April 2008.] 
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Problem 2 
Consider a random data signal 

X(t) = L A[n]p(t- nT- 8). 
n 

The random time offset 8 is uniformly distributed between 0 and the pulse spacing T, 
and is independent of the data symbols A[n]. The data symbols A[n] are mutually 
independent, and take values -1 and +2 with probabilities P _1 = 2/3 and P +2 = lj3, 

respectively. The pulse shape p(t) is given by 

p( t) = sine ( ~) . 

a) Determine and sketch the Fourier transform P( w) of the pulse shape. 

b) Calculate the autocorrelation sequence of the data sequence A[n]. 

c) Calculate and sketch the spectrum of the random data signal X(t). 

The oscillator signal S(t) of Problem 1 is now modulated by this random data signal, 
resulting in a modulated signal Y(t) = S(t)·X(t). The random frequency offset ~nand 
random phase <I> of S(t) can be assumed independent from the random time offset 8 and 
the data symbols A[n] in X(t). Furthermore it can be assumed that ~n is uniformly 
distributed between - W /2 and W /2, with W ~ w0 and W = 271" fT. 

d) Make a drawing of the spectrum of the modulated signal Y(t). Clearly indicate 
the values of the interesting points on both the horizontal and vertical axis. 

[Taken from the exam in April 2008.] 

Problem 3 

Consider a linear time-invariant filter with transfer function 

{ ~ H(w) = y ~ , Wo ~ lwl ~ Wo + W, 

0 , elsewhere , 

where W is the bandwidth of the filter. At the input of the filter a random signal Sin ( t) 
is applied that is given by 

Sin(t) =A sin(wot) + B cos(w0t), 

where the amplitudes A and B are independent random variables that are uniformly 
distributed between 0 and 1, and the carrier frequency w0 is a deterministic constant. 

a) Is Sin(t) wide-sense stationary? 

b) Derive an expression for the output signal Sout(t) of the filter. 

Now suppose the input signal Sin(t) is disturbed by wide-sense stationary additive 
white Gaussian noise with power spectral density N0/2. 

c) Prove that the output signal Sout(t) is wide-sense stationary. 

SEE NEXT PAGE 
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d) Calculate and sketch the power spectral density function SsoutSout(w) of Bout(t). 

e) Calculate the first-order probability density function fsout ( s; t) of Bout( t). 

Suppose Bout(t) is expressed in terms of its quadrature components X(t) and Y(t) as 

Bout(t) = X(t) cos(wot) - Y(t) sin(w0t). 

f) Show that the cross power spectral density function Sxv(w) of X(t) and Y(t) is 
given by 

{ 

jwNo 
Sxv(w) = 

0 
2W 

[Taken from Intermediate Test 2, 2012.] 

, lwl ::; W, 

, elsewhere . 
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Problem 1 

a) This can be done in four ways: 

1. In the same way as in the book, bottom of page 106. Using (C.1) from the 
appendix, 

cos(a + j3) = cosacos/3- sinasin/3, (1) 

S(t) is written as 

S(t) = S0 [cos(w0t) cos( D.n t +<I>) - sin(w0t) sin( D.n t +<I>) J , (2) 

which corresponds to (5.20) with 

X ( t) = S0 cos ( D.n t + <I>) , 

Y ( t) = S0 sin ( D.n t + <I>) . 

2. By writing S(t) as in (5.19) (bottom of page 106), with 

A(t) = S0 , 

<I>(t) = .6.[2 t +<I>, 

we find from (5.21) 

X(t) = A(t) cos( <I>(t)) = S0 cos( D.n t +<I>) , 

Y(t) = A(t) sin( <I>(t)) = S0 sin( D.n t +<I>) . 

3. By writing S(t) as 

S(t) = S0 Re{ exp(j(w0 + .6.r2)t + j <I>)}, 

and noting that ((5.7) on page 102 of the book) 

S(t) = Re{ Z(t) exp(j w0t)}, 

it follows that 

Z(t) = S0 exp(j D.n t + j <I>) . 

Hence it follows from (5.45) (page 111) that 

X(t) = Re{ Z(t)} = S0 cos( D.n t +<I>) , 

Y ( t) = Im { Z ( t) } = S0 sin ( D.n t + <I>) . 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 
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4. By writing S(t) as 

S(t) = ~0 [exp(j(w0 + ~O)t + j <I>)+ exp(-j(w0 + ~O)t- j <I>)], (14) 

it follows from Fourier pair 11 on page 246 of the book that the Fourier 
transform of S(t) is given by 

S(w) = 1r S0 [exp(j <1>)8(w- wo- ~0) + exp( -j <1>)8(w + Wo + ~0)]. (15) 

From (5.11) on page 104 it now follows that the Fourier transform of the 
complex envelope is given by 

Z(w) = 27r S0 exp(j <1>)8(w- ~0). (16) 

The complex envelope follows by inverse Fourier transformation, again us
ing Fourier pair 11 on page 246 of the book, resulting in (11). Hence the 
quadrature components are given by (12) and (13). 

b) S ( t) is WSS so X ( t) and Y ( t) are also WSS and satisfy the properties on the 
bottom of page 107. The autocorrelation function of X(t) can be derived in a 
similar way as in Example 2.1 and Problems 2.6 and 3.16 in the book: 

Rxx(T) ~ E[X(t)X(t + T)] = S3E[cos( ~Ot +<I>) cos( ~O(t + T) +<I>)] (17) 

Using (C.9) from the appendix, 

cosacos(J = Hcos(a- (3) + cos(a + f3)], (18) 

this can be written as 

Rxx(T) = ~S3E[cos(~OT) +cos( ~0(2t + T) + 2<1>) J 

= ~S~ j j f ~n.<I>(w, </>) [ cos(w T) +cos ( w(2t + T) + 2¢>) J dwd¢> (19) 

~0 and <I> are independent, so f~n.<I>(w, ¢>) = f~n(w)f<I>(¢>). Furthermore <I> is 
uniformly distributed between 0 and 21r so we get 

1
oo 1271" f (w) Rxx(T)=~S3 -oo 

0 
~~7r [cos(wT)+cos(w(2t+T)+2¢>)]d¢>dw (20) 

The second cosine is integrated over exactly two periods, resulting in zero. The 
first cosine does not depends on ¢> so we get 

Rxx(T) = ~S~ 1: J~n(w)cos(wT)dw 
= ~s31: f~n(w)[exp(jwT) + exp(-jwT)]dw 

1r s2 1 1oo [ ] = T 27r -oo f ~n ( w) + f ~n ( -w) exp(jw T )dw 

1rS6 1{ ( } = -
2
-F- f~n(w) + f~n -w) . (21) 
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c) Since X(t) is WSS its PSD function follows by Fourier transformation of its ACF 
((3.1) in the book). Hence from the ACF given in Problem 1b) it follows that 

Sxx(w) = Svv(w) = F{ Rxx(w)} = 7r :5 [!~n(w) + f~n( -w)]. (22) 

(Note that this is an intuitively appealing result!) 

d) The derivation is similar as in Problem 1b) and 1c): 

Rxv(T) ~ E[X(t)Y(t + T)] = S5E[cos( ~nt +<I>) sin( ~n(t + T) +<I>)]. (23) 

Using (C.ll) from the appendix, 

sinacos,B = Hsin(a- ,B)+ sin(a +,B)], 

this can be written as 

Rxy(T) = ~S5E[sin(~!1T) +sin( ~!1(2t + T) + 2<I>)] 

= ~S5 J J f~n.<I>(w, ¢>) [sin(wT) +sin( w(2t + T) + 2¢>) ]dwd¢> 

1oo 12n- f (w) 
= ~S5 ~n [sin(w T) +sin( w(2t + T) + 2¢>)] d¢>dw 

-oo 0 21r 

= ~sg I: f~n(w)sin(wT)dw 
= ~S5 I: f~n(w)[exp(jwT) -exp(-jwT)]dw 

n S2 1 1oo 
= 

2
/ 27r -oo[f~n(w)- f~n(-w)] exp(jwT)dw 

1r sg -1{ ( } = TjF f~n(w)- f~n -w) , 

and from (3.22) we then find: 

(24) 

(25) 

e) When f~n(w) is an even function, we have J~n(w) = f~n( -w). From the anwer 
to Problem 1d) it follows that the cross spectrum of X(t) and Y(t) will be zero 
in that case, so that X(t) and Y(t) are orthogonal. 

f) The power spectral density of S(t) follows from (5.41): 

Sss(w) =~ [ Sxx(w- wo) + Sxx(w + wo)] 

+ ~ [sxv(w- wo)- Sxv(w + wo)]. 

(27) 

(28) 
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In this particular case we have 

J~n(w) = {t~rect c~) , (29) 

so f~n(w) is an even function. As a result, Sxv(w) is zero (see Problem 1d)), 
so the second term in (28) disappears. Sxx(w) follows from the answer of Prob
lem 1c): 

Sxx(w) = 7r ~5 [!~n(w) + f~n( -w)J = 1fv~5 rect (;) . (30) 

From (28) it now follows that 

1r S5 [ (w + wo) (w- wo)] Sss(w) = 2W rect W + rect W (31) 

Problem 2 

a) This can be calculated using the FT pair 6 on page 246 of the book: 

F { v: sinc(Wt)} = rect ( 2~) . (32) 

In this case we have p(t) = sinc(Wt) with W = 1rjT, so P(w) can be written as 

P(w) = ;rect ( 2~) = Trect ( ~~) . (33) 

This is a rectangular function with height T and width 2W = 21r jT. 

b) The autocorrelation sequence of A[n] is defined as 

R[m] ~ E[A[n]A[n + ml]. (34) 

For m = 0 this becomes 
(35) 

and since A[n] can take values -1 and 2, this results in 

(36) 

For m =/= 0 it follows from the indepence of the data symbols that 

so the combined result is 

R[m]= ' {
2 m = 0, 

0, m=fO. 
(38) 
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c) The spectrum of X(t) follows from Equation (4.61) in the book: 

IP(w) 12 oo 
S;s_;s_(w) = T L R[m]exp(jwmT) 

m=-oo 

= ~ ITrect ( ~~) 1
2 

• 2 = 2Trect ( ~~) (39) 

This is a rectangular function with height 2T and width 27f fT. 

d) Since all the random variables involved in S(t) and X(t) are mutually indepen
dent, S(t) and X(t) can be considered as mutually independent random pro
cesses. As a result, the spectrum of their product can be found by means of 
Equation (3.42) in the book: 

Syy(w) = 2~ ( Sss ® Sx.x.) (w), (40) 

where ® denotes convolution. S88 (w) is given in Problem lf), and consists of 
two rectangular functions with height ~ and width W, around center frequen
cies ±w0 . Sx x(w) also has a rectangular shape, with the same width W = 27f jT, 
height 2T, and center frequency 0. Colvolving rectangular functions with the 
same width W results in a triangular function with width 2W (this has exten
sively been exercised at the tutorial). In this case the maximum overlap occurs 
for frequencies w = ±w0 , and results in peak values 

1 1rS2 S 2T 
Svv(±wo) = 

2
7f 

2
; 2T W = --}-. (41) 

As a result, the total spectrum can be written as 

S5T [ . (w + Wo) . (w- Wo)] Syy(w) = -
2
- tn W + tn W (42) 

Problem 3 

a) This can be done in two ways: 

1. Using the definition of WSS, it should be verified whether the expected 
value E [Sin ( t)] and the ACF RsinsiJ t, t + T) do not depend on time t. The 
expected value can be written as 

E[Sin(t)] = E[A sin(w0 t) + B cos(w0 t)] 

= E[A] sin(w0 t) + E[B] cos(w0 t) . ( 43) 

From the uniform distributions of A and B we know that E[A] = E[B] = ~' 
so from (C.18) on page 232 in the book it follows that 

E[Sin(t)] = ~sin(wot) + ~cos(wot) = ~J2 cos (wot- ~). 

Obviously this depends on time, so Sin(t) is not WSS. 
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2. Sin(t) is a random bandpass signal and can be written in the quadrature 
form as in (5.20) on page 106 in the book, with in-phase component B and 
quadrature component -A, respectively. If Sin(t) were WSS, the quadrature 
components should satisfy the properties on page 107 of the book. However, 
B and -A have mean values ~ and -~, respectively (this follows from the 
uniform distributions of A and B), which is not in accordance with (5 .24). 
Hence Sin(t) is not WSS. 

b) This can be done in four ways: 

1. The input signal can be written as 

Sin(t) = Re{ (B- j A) exp(j wot)}, (44) 

where Re denotes real part . As the response of the filter to exp(j w0t) is 
given by H(w0 ) exp(j w0t), it follows that the output signal can be written 
as 

Sout(t) = Re{ H(wo)(B- j A) exp(j Wot)}, 

which equals zero because H(w0 ) = 0. 

(45) 

2. Sin(t) consists of two purely sinusoidal components, so the output signal 
immediately follows from the input signal and the transfer function as 

Saut(t) = IH(wo)i [A sin(wot + arg{H(wo)}) 

+ B cos(w0t + arg{ H(w0 )}) J , ( 46) 

which equals zero because H(w0 ) = 0. 

3. From pairs 13. and 14. on page 246 of the book it follows that the Fourier 
transform of the input signal can be written as 

Sin ( w) = 1l' [ ( B - j A )b' ( w - Wo) + ( B + j A )b' ( w + Wo) J . ( 4 7) 

Using (4.13) on page 68 of the book and the sifting property of the delta 
function it follows that the Fourier transform of the output signal can be 
written as 

Sout(w) = Sin(w)H(w) 

= 1r H(w) [(B- j A)b'(w- w0 ) + (B + j A)b'(w + w0 ) J 

= 1r [ (B- j A)H(wo)b'(w- w0 ) + (B + j A)H( -w0 )b'(w + w0 ) J , 
(48) 

which equals zero because H(w0 ) = H( -w0 ) = 0. Therefore the output 
signal Saut(t) is also zero. 
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4. The transfer function H(w) of the bandpass filter can be written as (5 .12) on 
page 104 of the book, where the transfer function of the baseband equivalent 
filter can be written as 

Ht(w) = {~ , 0::; lwl::; W, 

0 , elsewhere. 
(49) 

As pointed outed in Answer a2), the in-phase and quadrature component 
are equal to B and -A, respectively, so the complex envelope at the input 
can be written as 

Zin ( t) = B - j A . (50) 

Since this is a pure (complex) DC component , it can be shown (in ways 
similar to the previous three solutions), that the complex envelope at the 
output is given by 

Zout(t) = (B- j A)Ht(O). (51) 

Since the DC transfer H 1(0) is equal to zero, the complex envelope at the 
output is in this case zero, and therefore the output signal Sout(t) is also 
zero. 

c) The signal part (which is not WSS; see answer a)) is completely suppressed by 
the filter (see answer b)) . Therefore the output signal only contains noise. Since 
the noise at the input is WSS, and the filter is an LTI system, the noise at the 
output is also WSS (page 69 of the book). Hence Sout(t) is WSS. 

d) The signal part is suppressed (see answer b), the noise at the input is WSS white 
noise with PSD N0 /2, and the filter is an LTI system with given transfer function 
H(w). Therefore it follows that the PSD function of the output signal Sout(t) 
follows from ( 4.27) on page 71 of the book as 

N, { No(lwl- wo) 
SsoutSout(w) = -"fiH(wW = O 2W 

, Wo ::; lwl ::; wo + W, 

, elsewhere. 
(52) 

(Note that calculating via the time domain is not an option here because ..;w is 
not in the Fourier transform table.) 

e) As the input signal is completely suppressed, and the noise at the input is a 
Gaussian process, the output signal is also a Gaussian process. Since Sout(w) 
is WSS, this implies that Sout(t) is also strict-sense stationary and hence the 
first-order probability density function fsout (s; t) does not depend on time. As 
the input noise has zero mean (there is no delta function in the PSD function , 
because the noise is white), the mean of Sout(t) is also zero so we find 

1 ( 8
2 ) fsout(s; t) = fsout(s) = J21r exp -~ , 

aout 7r aout 
(53) 
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where the variance O"~ut of Sout(t) follows from (52) and (3.3) on page 40 in the 
book as 

(54) 

Hence we find 

fsout(s;t) = {iiexp ( -~::). (55) 

f) Since Sout(t) is WSS, Sxv(w) follows from (52) by applying Property 9, (5.31), 
page 107: 

Sxy(w) = j LP{ SsoutSout (w- Wo)- SsoutSout (w + Wo)} 

{

_jwNo I I< W 
= 2W 'w- ' 

0 , elsewhere , 

jwNo ( w ) 
= - 2W rect 2W · (56) 

(The easiest way to see this is by making a drawing.) 

THE END 


