
EXAM "RANDOM SIGNALS & NOISE" (191210680), APRIL 14, 2011: 13:45-17:15H 1 

• This exam consists of four problems. The problems can be solved independently. 

• Every problem has a maximum score of 25 points. In case you participated in 
one or both of the bonus tests, your total bonus test score will be added to your 
exam score. The final grade is the total score divided by ten. 

• Although the exam is phrased in English, you can write down your answers in 
Dutch. English is preferred, however ... 

• During the exam you can consult the book "Introduction to Random Signals and 
Noise" by W. van Etten, or the lecture notes (no. 242 or 269) with the same title 
and author. 

• Prints of the lecture slides, personal notes, tutorial material, and old exams and 

their solutions cannot be used! 

• Please write in blue or black, using a pen. Do not use a pencil. 

• You may use your pocket calculator to calculate numerical answers. Laptop 
computers, PDAs, or mobile phones are not allowed on your table. 

Problem 1: periodic random signal 
Consider a periodic random signal X(t) that is given by 

00 

X(t) = I: q(t- n T- 8), 
n=-oo 

where 

{ 
. (7ft) sm -

q(t) = O T 
, 0 < t < T/2, 

, elsewhere, 

and 8 is a random variable that is uniformly distributed between 0 and T. 

a) Draw an arbitrary realization of X(t), in which at least two periods are visible. 

b) Is X(t) wide-sense stationary and/or ergodic? Motivate your answer. 

c) Calculate the expected value E[X(t)]. 

d) Calculate the autocorrelation function Rx...K.(t, t + r), and plot it as a function 

ofT. 

e) Calculate the first-order probability density function fx(x; t), and plot it as a 

function of x. 
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Problem 2: random data signal 
Consider a random data signal that is given by 

where 

00 

X(t) = L A[n]p(t- nT- 8), 
n=-oo 

p(t) = g ,O~t~T, 
, elsewhere, 

and 8 is a random variable that is uniformly distributed between 0 and T. The symbols 
A[n] are encoded data symbols. They are calculated from the uncoded data symbols 
B[n] as 

A[n] = B[n]- B[n- 1]. 

The uncoded data symbols B[n] are mutually independent (and independent from 8), 
and take values -3 and +3 with probabilities P _3 = 1/3 and P +3 = 2/3, respectively. 

a) Plot an arbitrary realization of X(t) in which at least four pulse intervals are 
visible. Clearly explain how it was obtained. 

b) Calculate the autocorrelation sequence of B[n]. 

c) Show that the autocorrelation sequence of A[n] is related to the autocorrelation 
sequence of B[n] by 

d) Show that the power spectral density function of X(t) is given by 

128 . 4 (wT) SKK(w) = w2Tsm 2 . 
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Problem 3: noisy transimpedance amplifier 
Consider a transimpedance amplifier (TIA) with the circuit model shown below. It has 
an input resistance Ri and output resistance R 0 , and the voltage at its open output 
terminals is given by 

Va(t) = Z Ii(t), 

where Z is the transimpedance and Ii(t) is the input current of the TIA. 

r-----------------
o------'--. TIA I 

I 

I -

-----------------1 

First consider the situation that a white noise source with source resistance Rs and 
equivalent source temperature Ts is connected to the input of the TIA. 

a) Calculate the power spectral density function of the output voltage Va(t) of the 
TIA. 

b) Show that the available power gain of the TIA can be written as 

Z 2 Rs 
GTIA(w) = (Rs + Ri)2Ro. 

Now suppose that the TIA has a standard noise figure of 3 dB, an input resistance of 
50 D, a transimpedance of 100 D, and an output resistance of 50 D. 

Consider the situation where an antenna with an output resistance of 50 D is con
nected to the input terminals of the TIA, as shown below. The output of the TIA is 
connected to the input of a receiver. A series matching resistor of Rm = 25 D is put 
in between the TIA and the receiver, so that the total output resistance of the TIA 
including the matching resistor equals the input resistance of the receiver (75 D). This 
matching resistor may be assumed to be at room temperature. 

~------------------
1 matched TIA : 
I.-----

antenna TIA receiver 

~-----------------' 

c) Show that the available power gain and standard noise figure of the TIA including 
the matching resistor are equal to -1.8 dB and 4 dB, respectively. 

Suppose the available signal power at the output terminals of the antenna is -80 dBm, 
and the equivalent noise temperature of the antenna is 35 K. The receiver has an 
equivalent noise bandwitdh of 20 MHz and a standard noise figure of 2 dB. 

d) Calculate the signal-to-noise ratio in the receiver. 
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Problem 4: pulse width modulation 
Consider a binary transmission system that is disturbed by wide-sense stationary ad
ditive white Gaussian noise with power spectral density N0 /2. The binary zeroes and 

ones are mapped to p1(t) and p2 (t) with equal a-priori probabilities, where 

p,(t) = {: 

p,(t) = {: 

, 0 ~ t ~ T/2, 

, elsewhere, 

, 0 ~ t ~ T, 

, elsewhere. 

The amplitude A and the symbol time T are both positive constants. 

a) Make plots of p1 (t) and p2 (t), and calculate their energies. 

Now consider the signals 

¢,(t) = { p 
¢,(t) = { p 

, 0 ~ t ~ T/2, 

, elsewhere, 

, T/2 ~ t ~ T, 

, elsewhere. 

b) Show that 1h ( t) and ¢2 ( t) form a complete orthonormal basis for p1 ( t) and p2 ( t). 

c) Draw the corresponding vectors p 1 and p2 in the signal space, and verify that 
they are in accordance with the energies calculated in Problem 4a). 

d) Design an optimal receiver, and reduce it to one correlation receiver and a deci
sion device. Specify the correlator template of the correlation receiver and the 
threshold of the decision device. 

e) Calculate the probability of a decision error. 

f) Explain why this is not a very energy-efficient signal set for binary transmission. 
Specify a more energy-efficient signal set that can be used in combination with 

the same correlation receiver. (Note that you have to specify signals- not their 
corresponding vectors!) Show that it reduces the average transmission power by 
almost 8 dB, without increasing the probability of a decision error. 

THE END 


