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• This exam consists of four problems. Every problem has a maximum score of 25

points. The problems can be solved independently.

• Although the exam is phrased in English, you can write down your answers in

Dutch, if you prefer.

• During the exam you can consult the book “Introduction to Random Signals and

Noise” by W. van Etten, or the lecture notes (no. 242 or 269) with the same title

and author. Prints of the lecture slides, personal notes, tutorial material, and

old exams and their solutions cannot be used!

Problem 1

The output signal of a certain harmonic oscillator can be written as

S(t) = S0 cos
(

Ω t + Φ
)

,

where S0 is the constant (deterministic) amplitude, Ω is the random carrier frequency,

and Φ is the random phase of S(t). Ω has a known probability density function fΩ(ω),

and Φ is known to be uniformly distributed between 0 and 2π. Ω and Φ can be assumed

to be independent.

The aim of this problem is to study both the stationarity and ergodicity of S(t).

a) Explain why the stationarity and ergodicity of S(t) cannot be determined by

means of Theorem 1 and/or 2 in the book.

b) Prove that S(t) is wide-sense stationary (WSS).

c) Investigate whether S(t) is ergodic.

Problem 2

Consider a random data signal

X(t) =
∑

n

A[n] p(t − nT − Θ) ,

where the random time offset Θ is uniformly distributed between 0 and the pulse

spacing T . The symbols A[n] are encoded data symbols. They are calculated from the

uncoded data symbols B[n] as

A[n] = 2 B[n] + B[n − 1] .

The uncoded data symbols B[n] are mutually independent (and independent from Θ),

and take values −2 and 3 with probabilities P
−2 = 3/5 and P+3 = 2/5, respectively.

The pulse shape p(t) is given by

p(t) = exp
(

−8 (t/T )2
)

.

a) What values can A[n] take?

b) Sketch a possible realization of X(t) for −3 T < t < 3 T , and explain how it was

obtained.

c) Determine and sketch the Fourier transform P (ω) of the pulse shape.

d) Calculate the autocorrelation sequence of the data sequence A[n].

e) Calculate and sketch the spectrum of the random data signal X(t).
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Problem 3

Consider a receiver that receives pulses that can be written as

p(t) =

{

A cos(π t/T ) , |t| < T/2 ,

0 , |t| > T/2 ,

with A > 0 and T > 0. The pulses are corrupted by white Gaussian noise with

power spectral density N0/2. The pulses are first filtered by a matched filter, and then

sampled at time instant t0 = 0.

a) Derive the impulse response of the matched filter, and make a sketch of it. Is

such a filter physically realizable?

b) Calculate and sketch the output signal of the matched filter when N0 = 0.

c) Calculate the SNR at the output of the matched filter (expressed in decibels) at

time instant t = 0, when A = 1 V, T = 5 ns and N0 = 3.5 · 10−11 V2/Hz.

Now suppose that A represents an information symbol, which takes values 0 V and

1 V with equal probability. The matched filter in the receiver is followed by a decision

device, which takes decisions based on samples that are taken at t0 = 0.

d) Calculate the optimum value of the decision threshold when T = 5 ns.

e) Calculate the probability of a bit error when T = 5 ns and N0 = 3.5·10−11 V2/Hz.

Problem 4

Consider the passive two-port network shown below.

V tin( ) V tout( )
+

-

+

-

R1

R2

Suppose this network is connected to a source having a source resistance Rs and open-

terminal voltage with power spectral density Sss(ω).

a) Calculate the power spectral density at the output terminals of the network.

b) Prove that the available gain of the network is given by

G =
R2Rs

(R1 + Rs)(R1 + R2 + Rs)
.

Both resistors are at temperature T .

c) Prove that the standard noise figure of the network is then given by

Fs = 1 +

[

(R1 + Rs)
2

R2Rs

+
R1

Rs

]

T

T0

.

Now suppose that T = 290 K, and that R1 and R2 are chosen such that the available

gain of the network is equal to −3 dB.

d) What is then the equivalent input noise temperature of the network?

THE END
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Problem 1

a) Although S(t) can be written as S(t) = X(t − Θ), with Θ uniformly distributed

between 0 and T , Theorem 1 cannot be applied because X(t) is not cyclo-

stationary (since there is no T > 0 for which the pdf of X(t) at time t is equal

to the pdf at time t + nT , with n an arbitrary integer).

Although X(t) is periodic, it is not deterministic (its period is random) so The-

orem 2 cannot be applied either.

b) Since Theorems 1 and 2 cannot be applied, this should be done using the defini-

tion (2.15). Proper calculation (also see the solution of the previous exam) will

result in

E[S(t)] = 0 ,

RSS(t, t + τ) =
1

2
S2

0

∫

∞

−∞

fΩ(ω) cos(ω τ)dω .

These do not depend on t, so S(t) is WSS.

c) Since Theorems 1 and 2 cannot be applied, this should be done using the defini-

tion, (2.24) and (2.25). Proper calculation will result in

A[S(t)] = 0 ,

A[S(t)S(t + τ)] =
1

2
S2

0 cos(Ω τ) .

The latter is not equal to RSS(τ) (i.e. the results depends on Ω, so it is still

random), so S(t) is not ergodic. (More precisely: S(t) is ergodic in its mean, but

not in its autocorrelation function.)

Problem 2

a) This should be done using a table with all four possible combinations of values

for B[n] and B[n − 1], resulting in A[n] ∈
{

−6,−1, 4, 9
}

.

b) Doing this directly from the answer in a) might result in a realization in which

the memory effect of the encoded data symbols is not properly incorporated. The

correct approach is to fill a table with possible values for B[−5], B[−4], ..., B[3]

(−2 or 3), calculate the corresponding values of A[−4], A[−3], ..., A[3], and draw

the corresponding realization of X(t).

c) This can be done using FT pair 22 on page 246, with σ = T/4, resulting in

P (ω) =
T

4

√
2π exp

(

−(ω T )2/32
)

.

d) First the acf of A[n] should be expressed in the acf of B[n], using the definition

of acf. This results in

RAA[m] = E
[{

2B[n] + B[n − 1]
}{

2B[n + m] + B[n + m − 1]
}]

= 5RBB[m] + 2RBB[m − 1] + 2RBB[m + 1] .
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The acf of B[n] can be calculated in the same way as in the book (and lectures

and tutorials), resulting in

RBB[m] =

{

6 ,m = 0 ,

0 ,m 6= 0 ,

and hence

RAA[m] =















30 , m = 0 ,

12 , |m| = 1 ,

0 , |m| > 1 .

An alternative is to calculate the joint probability distribution of A[n] and A[n+

m] for different values of m, but that calculation will be more complicated and

more comprehensive, although it can be done.

e) Using (4.61) now results in

SXX(ω) =
π T

8
exp

(

−(ω T )2/16
)[

30 + 24 cos(ω T )
]

.

Problem 3

a) (7.56): hopt(t) = p(t0 − t). In this case, t0 = 0 and p(t) is even, so hopt(t) = p(t).

The corresponding filter is not physically realizable because it is non-causal.

b) The output signal is the convolution of hopt(t) with p(t), or in this case, the

convolution of p(t) with itself:

y(t) =

∫

∞

−∞

p(τ)p(t − τ) dτ .

This can be done using a drawing. Obviously, y(t) = 0 for |t| > T . For 0 < t < T

we get

y(t) =

∫

T/2

−T/2+t

A cos(π τ/T )A cos(π(t − τ)/T ) dτ = ...

=
1

2
A2

[

(T − t) cos(π t/T ) +
T

π
sin(π t/T )

]

.

Because both p(t) and hopt(t) are even functions, their convolution will also be

even, so we find

y(t) =







1

2
A2

[

(T − |t|) cos(π t/T ) + T

π
sin(π |t|/T )

]

, |t| < T ,

0 , |t| > T .

c) The SNR directly follows from (7.60): SNR = 2Ep/N0, where Ep is the energy

of p(t). The latter can be calculated to be equal to A2T/2. Substituting the

parameter values then yields an SNR of 143 (21.5 dB).
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d) For given value of A, the output sample will be Gaussian distributed with a mean

value that is equal to A2T/2. The latter follows from the answer to b), or from

(7.71) in the book. So the mean of the output sample is 0 for A = 0 V and T/2

for A = 1 V. Because these values occur with equal probability, the optimum

decision threshold is in the middle of these values: T/4 = 1.25 · 10−9 s−1.

e) This follows directly from (7.43), with Ed in this case equal to Ep with A = 1

substituted. Substituting the parameter values then yields Pe = Q(6). Using the

graphs on page 244, a BER of approximately 10−9 results.

Problem 4

a) The spectrum Soo(ω) of the output voltage follows from (4.27):

Soo(ω) =
∣

∣H(ω)
∣

∣

2
Sss(ω) ,

where the transfer from the source (not the input!) to the output follows by

voltage division, including the source resistance Rs, so

H(ω) =
R2

Rs + R1 + R2

.

This results in

Soo(ω) =
R2

2

(Rs + R1 + R2)2
Sss(ω) . (1)

b) This is done in the same way as the example on page 138 in the book, with the

amplifier replaced by the passive network. The available power at the input of the

passive network is equal to Sss(ω)/(4Rs), and the available power at the output is

given by Soo(ω)/(4Ro), where Ro is the output impedance of the passive network.

At the output we see a parallel connection of R2 and the series connection of Rs

and R1, so:

Ro = (Rs + R1)||R2 =
(Rs + R1)R2

Rs + R1 + R2

.

The available gain now follows from G = So(ω)/Ss(ω).

c) The general way to do this kind of calculation is to calculate the available noise

power at the output due to the noise generated by the resistors, and noting

that this should be equal to G(Fs − 1)k T0/2. Calculating the available noise

power at the output can be done by evaluating (6.6) for each resistor, using

(4.27) to find the contribution to the output, and applying superposition to find

the total available noise power. This can be done, but the calculation will be

comprehensive.

In this case an easier approach can be taken, because the whole network is at one

ambient temperature T , and the network is passive. The standard noise figure

then follows directly from (6.47), with L = 1/G (substituted from a)), Ta = T ,

and Ts = T0.
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d) When the network is at room temperature, the standard noise figure follows from

(6.48), in this case resulting in Fs = 2. The equivalent input noise temperature

then follows from Te = (Fs − 1)T0 = T0 = 290 K.

THE END
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