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1. Consider the nonlinear system 

[~I] = [cos(xi)~1 - xz)] . 
xz xz + sm(2xi) 

(a) Determine all points of equilibrium. 

(b) Determine the linearization at x = (n j2, 0). 

2. Show that P = [ ~ ~ J is positive definite. 

3. Determine a Lyapunov function for [ ~~] = [ =~ ~ J [~~] at equilibrium x = [~]. 
4. Formulate LaSalle's Invariance Principle. 

5. Consider minimizing the cost function 

(a) Find the function x(t) that satisfies the Euler equation for this cost J, with initial 
and final condition 

x(O) = xo, x(1) = 0. 

(b) Does this x (t) satisfy the necessary second order condition of minimality of J? 

6. Consider the linear system 

x(t) = u(t), x(O) = xo 

with cost function 

J(xo, u) :=loT ~x2 (t) + ~(u(t) + x(t))2 dt. 

We assume that u(t) at any tis free to choose (i.e. u(t) E JR). 

(a) Write down the Bellman equation for this problem and show that a quadratic 
value function of the form V(x, t) = P(t)x 2 will do and derive the Riccati 
differential equation for P(t). 

(b) Explicitly determine the solution of P (t) of the Riccati differential equation for 
the case that T = 1. [Hint: Use the previous problem (Problem Sa).] 
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(c) Write down the Hamiltonian equations (the formulae for state x and co-state p). 
Express the co-state p (t) in terms of the solution P (t) of the Riccati differential 
equation. 

(d) Show (for this problem with T = 1) or prove that H(x.(t), p.(t), u.(t)) is 
constant as a function of time for the optimal state, co-state and input x., p., u •. 

(e) Determine the positive definite solution P of the Algebraic Riccati equation 
associated with Problem 6a. 

(f) Suppose we now optimize over final time T as well. Is there an optimal finite 
timeT? 

7. Let 'I',<!> be two real valued functions. Show that a minimizing solution x(t) of the 
free initial- and end-point problem with cost function 

'I'(x(T))- <l>(x(O)) +loT F(t, x(t), x(t)) dt 

satisfies the Euler equation. Free initial- and end-point means that both x (0) and 
x (T) are free to choose. (You may assume, if you want, that x is twice continuously 
differentiable.) 

problem: 1 2 3 4 5 6 

points: 3+3 2 4 3 5+2 6+3+2+2+2+3 

Exam grade is 1 + 9 p / Pmax. 

Euler: 

( :x - :t 8~) F(t, x(t), i(t)) = 0 

Beltrami: 

oF 
F--i=C ax 
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Hamiltonian equations (with H = pT f(x, u) + L(x, u)) for initial conditioned state: 

aH 
i = -(x, p, u), op 

aH 
p = --(x, p, u), 

ox 

LQ Riccati differential equation: 

x(O) = xo, 

as 
p(te) = -(x(te)) 

ox 

P(t) = -P(t)A- AT P(t) + P(t)BR- 1BT P(t)- Q, 

Bellman: 

aw [aw J --;-(x, t) +min -y(x, t)f(x, v) + L(x, v) = 0, 
ut vEU OX 
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P(te) = G 

W(x, te) = S(x) 


