
Statistics & Probability (191506103)

Makeup Exam (with 7 questions and 3 tables)

Wednesday 25/01/17, 08:45 – 11:45 Full Marks : 35

1. Suppose U is a Uniform random variable on [−2, 2]. Find the probability density function of
X = |U | (absolute value of U). [4]

2. Suppose X and Y have the joint density function given by

f(x, y) = 6 · (y − x), for 0 ≤ x ≤ y ≤ 1, and = 0, elsewhere.

(a.) Find the marginal density of Y . [2]

(b.) Find the conditional density, fX|Y=y(·) of X given Y = y. [1]

(b.) Recall that E(X|Y ) is a random variable and is a function of Y . Express the random variable
in terms of Y . [2]

3. At the international terminal of a particular airport, 20% of the arriving passengers are detained
for inspection of their luggages and the rest just passes through the customs. The customs
facility can inspect 775 passengers per hour without any unreasonable delay for the travellers. As
for the terminal itself, currently it handles, on average, 3000 passengers per hour but is capable
of handling plenty more. Due to the demand from different airlines, the airport authority
is thinking about rescheduling some of the flights. With the new schedule the authority is
expecting to receive 4000 international passengers between 21:00 and 22:00 hours on Sunday.
What is the probability that the international passengers arriving at this time of Sunday night
(with the new schedule) will experience unreasonable luggage inspection delays? [4]

4. Recall that the moment generating function (mgf) of a χ2
(n), Chi-square with n degrees of

freedom, random variable is given by (1 − 2t)−n/2. Use this to prove the following result.
Provide clear motivation. [3]

The sum of two independent Chi-square random variable is again a Chi-square random variable,
with the degrees of freedom being the sum of the two degrees of freedoms.

In other words, if U ∼ χ2
(m), V ∼ χ

2
(n) and they are independent then W := U + V ∼ χ2

(m+n).

5. Suppose that {Y1, Y2, . . . , Yn} is a random sample from a distribution with pdf

f(y; θ) =
y

θ2
e−y/θ, y > 0, (θ > 0.)

(a.) Find the maximum likelihood estimator of θ. [4]

(b.) Is the MLE in part (a.) unbiased for θ? [3] Hint: You may use the fact that E(X2) = 2/λ2, where X ∼ exponential(λ).

In other words,

∫ ∞
0

x2 λe−λx dx =
2

λ2
, for any λ > 0.
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6. Recall that a good estimator of the population variance, σ2, based on a sample {X1, X2, . . . , Xn}
is the sample variance S2

X := 1
n−1

∑n
i=1(Xi − X̄)2. Also, if the population is Normal, then the

estimator S2
X , as a random variable, satisfies

(n− 1)S2
X

σ2
∼ χ2

n−1.

Now, consider two independent random samples {U1, U2, . . . , Um} and {V1, V2, . . . , Vn} from two
normal populations with possibly different means but the same variance σ2. Intuitively, both
S2
U and S2

V are good estimators of σ2. However, it is a common practice to use the so-called

pooled estimator S2 :=
1

m+ n− 2
[(m− 1)S2

U + (n− 1)S2
V ] to estimate σ2.

(a.) Show that
(m+ n− 2)S2

σ2
∼ χ2

m+n−2. [1]

(b.) Derive a formula for 100(1 − α)% confidence interval for σ2 based on the pooled estimator
S2 of σ2. [3]

7. The Statistical Abstract of the United States reports that the mean daily number of shares
traded on the New York Stock Exchange in 2005 was 1.602 billion. Assume that the population
standard deviation equals 0.5 billion shares. Suppose that, in a random sample of 36 days from
the present year, the mean daily number of shares traded equals 1.659 billion.

(a.) Can you conclude from this data that the mean daily number of shares traded has increased
since 2005? Design and perform, after stating an appropriate model, a statistical hypothesis
test at 5% level of significance. [5]

(b.) Calculate and interpret the P-value of your test procedure. [3]

Final grade =
{score on exam

35
× 9 + 1

}
(rounded off to an integer)
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