
Statistics & Probability (191506103)

Final Exam (with 7 questions and 3 tables)

Tuesday 01/11/16, 08:45 – 11:45 Full Marks : 35

1. Suppose X ∼ N(µ, σ2) for some −∞ < µ < ∞ and σ > 0, i.e., with the probability density
function (pdf)

f(x) =
1√
2πσ

e−(x−µ)
2/(2σ2), −∞ < x < +∞.

Define the (new) r.v. Y = eX . Find the pdf of Y . [4]

[Y is called a Lognormal random variable, because its “logarithm” is normally distributed.
These type of random variables appear commonly in modelling stock prices (in a financial
market) or waiting times (in hospitals).]

2. A truck driver drives between fixed locations in Los Angeles and Phoenix. The duration, in
hours, of a round-trip has an exponential distribution with parameter λ = 1/20, that is with a
pdf given by

f(x) =
1

20
e−x/20, x > 0.

(a.) Determine the probability that a round-trip exceeds 25 hours. [2]

[If you need this answer but unable to determine, you may assume it to be 27%]

(b.) Assuming that the round-trip durations are independent from one trip to the next, find the
probability that exactly two of five such round trips take more than 25 hours. [2]

(c.) Now suppose that over the coming years the driver will make 1000 such round-trips. Assume
that all the conditions/assumptions will remain same over the years. What is the probability
that during this period the driver has to deal with less than 300 such trips of longer than 25
hours? Answer as accurately as possible using the tables provided. (Direct answer from an
advanced calculator will not be accepted.) [4]

3. Suppose the random variables X and Y are (jointly) uniformly distributed over the triangle
determined by the points (0, 0), (0, 2) and (1, 1). In other words, the joint pdf is given by

f(x, y) = 1, 0 ≤ x ≤ y; x+ y ≤ 2 and = 0, elsewhere.

(a.) Find the (marginal) pdf of X. [2]

(b.) Find the conditional pdf, fY |X=x(·) of Y given X = x. [2]

4. Recall that the moment generating function of a N(µ, σ2) random variable is given by etµ+
1
2
t2σ2

.
Suppose X1, X2, . . . , Xn is a random sample from a normally distributed population with mean
µ and variance σ2. Use the properties of moment generating function to derive the probability

distribution of the sample mean X̄ =
1

n

n∑
i=1

Xi. [3]
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5. Consider two independent observations X and Y from two Binomial populations with unknown
(and possibly different) success probabilities p1 and p2. In other words, X and Y are independent
with X ∼ Bin(n1, p1) and Y ∼ Bin(n2, p2).

(a.) Show that
X

n1
− Y

n2
is an unbiased estimator for p1 − p2. [2]

(b.) Calculate the mean squared error (MSE) of the estimator in part (a.). [2]

[Hint: Recall that MSE = Variance + Bias2.]

6. Containers of car antifreeze are filled by a machine. The exact amount, X, poured by the
machine into an arbitrary container is, of course, a random variable. To check whether all the
parameters are properly set for the machine, a Quality Control Manager took a random sample
of 18 containers and found that (sample) average of the liquid content in these containers was
3787 ml and the sample standard deviation is 55.4 ml. Assume normality of X to answer the
following questions.

(a.) Calculate the 95% confidence interval for the true µ, the expected liquid content per container
poured by the machine. In doing so, state your model assumptions clearly. [3]

(b.) From a theoretical stand point a different set of model assumptions was possible in part (a.).
State that model as well and explain how the confidence interval and the calculation thereof
would have changed for that model. [You do not need to calculate any new interval.] [2]

7. Is the bottled water you drink safe? In 1999, according to an article in U.S. News & World
Report (April 12, 1999), the Natural Resources Defense Council warned that the bottled water
people were drinking might have contained more bacteria and other potentially carcinogenic
chemicals than allowed by state and federal regulations. Of the more than 1000 bottles studied
at that time, nearly one-third exceeded government levels.

Suppose that the Natural Resources Defense Council wants to check whether the situation has
improved now, compared to 1999. In the current study, out of a sample of 1100 bottles, 330
bottles were found to violate at least one government standard.

(a.) Can you conclude from the current data that the situation has indeed improved since 1999?
Design and perform a statistical hypothesis test at 1% level of significance. [5]

(b.) Calculate and interpret the P-value of your test procedure. [2]

Final grade =
{score on exam

35
× 9 + 1

}
(rounded off to an integer)
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