
Statistics & Probability (191506103)

Final Exam (with 7 questions and 3 tables)

Tuesday 27/10/15, 08:45 – 11:45 Full Marks : 35

1. Suppose Z is a standard normal random variable, i.e., with probability density function (pdf)
φ(z) = 1√

2π
e−z

2/2, −∞ < z < +∞. Define the new r.v. X = Z2. Derive the pdf of X. [4]

[Recall that X is a χ2
(1) r.v.]

2. Gasoline is to be stocked in a bulk tank once at the beginning of each week and then sold to
individual customers throughout the week. Because of limited supply the stock amount may
not always be up to the full capacity of the tank and varies from week to week. Let X be the
proportion of the total capacity that is stocked at the beginning of the week. Let Y be the
proportion of the total capacity that is sold during the week. Obviously, Y ≤ X. Suppose X
and Y have the following joint probability density function:

f(x, y) =

{
3x, if 0 ≤ y ≤ x ≤ 1,

0, elsewhere.

(a.) Find the (marginal) pdf of X. [2]

(b.) What is the probability that in a given week more than half a tank will be sold given that
three-fourths of the tank is stocked? First determine the appropriate probability density
function completely. [3]

(c.) Note that E(Y |X) can be interpreted here as the (conditional) expected amount of sale (as
a proportion of the total capacity of the tank) during a week given the proportion that has
been stocked at the beginning of that week. This would naturally be a function, h(·), of the
stocked proportion X. Determine this function. [2]

3. An airline company always makes “overbooking” to make up for passengers not showing up
for a flight at the last moment. Suppose an airline company assumes that a passenger will
actually show up for a booked flight with probability 0.9. The company also assumes that the
passengers behave independently of each other. Suppose the flight in consideration can hold
185 passenger. If the company makes 200 reservations for this flight, what is the probability
that all the passengers that arrive can be seated? Answer as accurately as possible using the
tables provided. (Direct answer from an advanced calculator will not be accepted.) [4]

4. Consider an i. i. d. sample {X1, X2, . . . , Xn} from a population with pdf

f(x) =
1

2σ
exp

(
−|x|
σ

)
, ∞ < x < +∞.

where the unknown parameter σ > 0. Find the maximum likelihood estimator of σ. [4]
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5. Consider an exponentially distributed population with parameter θ. That is to say that, if one
observation, X, is drawn from this population, then its pdf is given by f(x) = θ e−θ x, x > 0.
We want to do statistical inferences about the unknown parameter θ based on a random sample
X1, X2, . . . Xn from this population. Now proceed as follows.

[Even if you cannot solve one part, you may still use the result of that part to solve the next
part.]

(a.) Use the facts that the moment generating function of an Exponential(λ) random variable is
given by λ/(λ− t) and that for χ2

(n) is (1− 2t)−n/2 to show that 2θX ∼ χ2
(2). [2]

(b.) Note that 2nθX̄ =
∑n

i=1(2θXi). Now show that 2nθX̄ ∼ χ2
(2n). [2]

(c.) Derive a formula for 100(1− α)% confidence interval for θ. [3]

6. The melting point of each of 16 samples of a certain brand of hydrogenated vegetable oil was
determined, resulting in the sample mean and standard deviation of x̄ = 94.36 and s = 1.20,
respectively. Can it be concluded based on this data that the expected melting point for this
particular brand of oil is less than the desired level of 95? Assume a suitable model for the data
and perform a relevant statistical hypothesis test using a significance level of 0.1. [5]

7. Answer True or False for each of the following statements. [4]

(a.) If the null hypothesis is rejected at the significance level α, the probability that the null
hypothesis is true equals α.

(b.) The power of a testing procedure is the probability of the null hypothesis being rightfully
rejected, according to the procedure.

(c.) If a test rejects the null hypothesis at 5% level of significance, then it will also reject the null
hypothesis at significance level 1%.

(d.) If a test rejects the null hypothesis at significance level 0.06, then the P -value is greater than
or equal to 0.06.

Final grade =
{score on exam

35
× 9 + 1

}
(rounded off to an integer)
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