
Statistics & Probability (191506103)

Final Exam (with 7 questions and 3 tables)

Tuesday 20/01/15, 08:45 – 11:45 Full Marks : 35

1. Suppose X is an exponential(1) random variable, i.e., with probability density function (pdf)
fX(x) = e−x, for x > 0. Define the new random variable Y = eX . Find the pdf of Y . [4]

2. Suppose X and Y have the joint probability density function (pdf) given by

f(x, y) = 2, on the triangle x ≥ 0; y ≥ 0; x+ y ≤ 1 and = 0, elsewhere.

(a.) Find the (marginal) pdf of Y . [2]

(b.) Find the conditional pdf, fX|Y=y(·) of X given Y = y. Can you recognize this probability
distribution? What is it called? [1+1]

(c.) Recall that E(X|Y ) is a random variable, which is a function of Y . Express the random
variable in terms of Y . [2]

3. In a greenhouse 40 heat lamps are connected in such a way that only one lamp is turned on
at any time and when one lamp fails, another takes over immediately. The lamps operate
independently, and each has a mean life of 52 hours and standard deviation of 5 hours. If the
greenhouse is not checked for the next 90 days after the lamp system is turned on, what is the
probability that a lamp will be burning at the end of the 90-day period? [4]

4. Show, using the definition of Covariance, that for any two real numbers a, b

Cov(aX + b, Y ) = aCov(X,Y ).
[2]

5.(a.) Suppose that {X1, X2, . . . , Xn} is a random sample from a Bernoulli distribution with pa-
rameter θ (0 < θ < 1), i.e., Xi takes value 0 or 1 according to the probabilities

p(k; θ) = P (Xi = k) = θk(1− θ)(1−k) k = 0, 1.

Show that the maximum likelihood estimator of θ is θ̂ = X̄ :=
∑n

i=1Xi/n. [4]

(b.) Show that the estimator θ̂ in part (a.) is unbiased for the parameter θ. [2]
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6. To buy a 30-seconds slot of TV commercial during the telecast of Superbowl (championship
game of NFL, a professional league playing American football) costs a huge amount of money
(in the order of $100000). Not surprisingly, potential advertisers want to know how many people
will actually watch. In a survey of 1015 potential viewers, 281 said they expected to see less
than a quarter of the advertisements aired during the game.

(a.) Based on the above data, construct a 95% confidence interval for the true (unknown) pro-
portion of viewers who will watch less than a quarter of the advertisements aired during the
telecast of Superbowl. [4]

(b.) If the confidence interval was constructed based on a survey with more viewers, what would
you expect regarding the size of the interval? Explain. [2]

7. A stock analyst claims to have devised a mathematical technique for selecting high quality
mutual funds (a portfolio of certain number of stocks). The analyst promises that a client’s
portfolio will have high 10-year annualized returns with low volatility; that is, a small standard
deviation. After 10 years, one of the analyst’s funds/portfolios is examined. The portfolio
consisted of 24 stocks. The performance of the stocks showed an average 10-year annualized
return of 11.50% and a standard deviation of 10.17%. The benchmarks for the type of stocks
considered are a mean of 10.10% and a standard deviation of 15.67%. Assume that the 10-year
annualized returns of the stocks in consideration are normally distributed.

(a.) Test at 0.05 level of significance whether it can be concluded that the expected (10-year
annualized) return from a stock selected by the analyst indeed beats the benchmark return
of 10.10%. [5]

(b.) While performing the test in part (a.) you have made some model assumptions. Can you
think of other possible (and not too wild) model assumptions? Briefly describe how your
test procedure would have changed under those model assumptions. [You do not actually
need to perform the test.] [2]
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