
Statistics & Probability (191506103)

Final Exam (with 7 questions and 2 tables)

Wednesday 30/10/13, 08:45 – 11:45 Full Marks : 45

Note : If you cannot solve a part (a/b/c), but the answer is given, you may
always use the answers to solve the subsequent parts (b/c/d) of a question.

1. Suppose U is a Uniform random variable on [−2, 2]. Find the probability density function of
X = |U | (absolute value of U). [3]

2. A truck driver drives between fixed locations in Los Angeles and Phoenix. The duration, in
hours, of a round-trip has an exponential distribution with parameter λ = 1/20, that is with a
pdf given by

f(x) =
1

20
e−x/20, x > 0.

(a.) Determine the probability that a round-trip exceeds 25 hours. [3]

[If you need this answer but unable to determine, you may assume it to be 27%]

(b.) Assuming that the round-trip durations are independent from one trip to the next, find the
probability that exactly two of five round trips take more than 25 hours. [3]

(c.) Now suppose that over the coming years the driver will make 1000 such round-trips. Assume
that all the conditions/assumptions will remain same over the years. What is the probability
that during this period the driver has to deal with less than 300 such trips of longer than 25
hours? [4]

3. Suppose that the random variablesX and Y have the following joint probability density function:

f(x, y) = 8xy, for 0 < y < x < 1 and = 0, elsewhere

(a.) Find the marginal density of X. [3]

(b.) Calculate the conditional probability P (Y > 1
4 |X = 1

2). [3]

(c.) Recall that E(Y |X) is a random variable. Express the random variable in terms of X. [3]

4. Recall that the moment generating function (mgf) of a Poisson(λ) random variable is given by
exp(−λ(1− e−t)). Suppose X,Y and Z are three independent Poisson random variables with
parameters λ, µ and ν, respectively. Identify the probability distribution of U = X + Y + Z by
first calculating the mgf of U . [3]

5. Suppose that {Y1, Y2, . . . , Yn} is a random sample from a distribution with pdf

f(y; θ) =
y

θ2
e−y/θ, y > 0, (θ > 0.)

(a.) Find the maximum likelihood estimator of θ. [4]

(b.) Is the MLE in part (a.) unbiased for θ? [3]

[Hint: You may use the fact that E(X2) = 2/λ2, for an exponential(λ) distributed r.v. X.
In other words,

∫∞
0 x2 λe−λx dx = 2

λ2
.]
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6. Containers of car antifreeze are filled by a machine. The exact amount, X, poured by the
machine into an arbitrary container is, of course, a random variable. To check whether all the
parameters are properly set for the machine, a Quality Control Manager took a random sample
of 18 containers and found that (sample) average of the liquid content in these containers was
3787 ml and the sample standard deviation is 55.4 ml. Assume normality of X to answer the
following questions.

(a.) Calculate also the 95% confidence interval for the true µ, the expected liquid content per
container poured by the machine. [3]

(b.) Explain how your confidence interval in part (b.) would have changed if the true σ2 were
known. [You do not need to actually calculate any new interval.] [2]

7. Pond’s Age-Defying Complex, a cream with alpha-hydroxy acid, advertises that it can reduce
wrinkles and improve the skin. In a study published in Archives of Dermatology (June 1996),
33 middle-aged women used a cream with alpha-hydroxy acid for twenty-two weeks. At the end
of the study period, a dermatologist judged whether each woman exhibited skin improvement.
The study resulted in 24 “I”s and 9 “N”s, (where I = improved skin and N = no improvement).

(a.) Do the data provide sufficient evidence to conclude that the cream will improve the skin of
more than 60% of middle-aged women? Test using α = .05. [5]

(b.) Find and interpret the P-value of the test. [3]

Final grade = min

{
10 ;

score on exam + 5

5
+ bonus · I{bonus>0}

}
(rounded off to an integer)
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