
Statistics & Probability (191506103)

Final Exam (with 7 questions and 2 tables)

Friday 1/2/13, 08:45 – 11:45 Full Marks : 40

Note : If you cannot solve a part (a/b/c), but the answer is given, you
may use the answers To Solvey the subsequent parts (b/c/d) of a question.

1. Suppose X is an exponential(1) random variable, i.e., with probability density function (pdf)
fX(x) = e−x, for x > 0. Find the pdf of the random variable Y = 1

X+1 . [3]

2. For a certain kind of flower bulb it is known that 3% of the bulbs do not germinate. The bulbs
are packaged and sold in boxes of 10 with the guarantee that at least 9 of the 10 bulbs will
germinate.

(a.) What is the probability that an arbitrary box will not have the guaranteed property.? [3]

[If you do not find the answer in (a), assume it to be 0.05 for the following questions.]

(b.) A big shipment of 1000 boxes was received by a dealer. What is the probability that at most
30 of these boxes will fail to satisfy the guarantee? Give as accurate an answer as you can
from the materials provided. [Answers obtained directly by using an advanced/graphical
calculator would not be accepted.] [4]

3. Suppose U and V are two independent uniform random variables on [0, 1]. DefineX = min(U, V )
and Y = max(U, V ). Obviously X ≤ Y . It can be shown that the joint probability density of
X and Y is constant over the range 0 ≤ x ≤ y ≤ 1, i.e., given by

f(x, y) = k, 0 ≤ x ≤ y ≤ 1.

(a.) Determine the constant k. [2]

[If you do not find the answer in (a), you may still answer the following questions by keeping
“k”, if needed, in your answers.]

(b.) Find the marginal density of X. [3]

(c.) Find the conditional density, fY |X=x(y), of Y given X = x. [2]

(d.) Find the random variable E(Y |X). [2]

4. Recall that the moment generating function of a N(µ, σ2) random variable is given by etµ+
1
2
t2σ2

.
Suppose X1, X2, . . . , Xn is a random sample from a normally distributed population with mean
µ and variance σ2. Use the properties of moment generating function to derive the probability

distribution of the sample mean X̄ =
1

n

n∑
i=1

Xi. [3]
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5. Suppose a random sample of size n is taken from a geometric population with parameter p
(0 < p < 1), i.e. with the probability mass function

P (X = x) = (1− p)x−1p, x = 0, 1, 2, 3, . . . .

and with expectation E(X) = 1/p.

(a.) It is directly seen that MOM estimator of p is
1

X̄
=

n∑n
i=1Xi

(you do not need to show this).

Show that the maximum likelihood estimator (MLE) for p is the same, i.e., p̂ = n∑n
i=1Xi

. [4]

(b.) It can be shown that if θ̂ is the MLE of θ and g(·) is a one-to-one function then the MLE
of the parameter η = g(θ) is given by η̂ = g(θ̂). Using this fact one can conclude that the

MLE of η := 1/p is η̂ =
∑n

i=1Xi

n . Is the MLE η̂ an unbiased estimator of η? [2]

6. As a consequence of the credit crisis in America in 2008, a discussion followed suit in the
Netherlands whether Dutch banks should be nationalized. A researcher wants to determine the
fraction p, of the Dutch people who were in favour of nationalization of the banks. He is planing
to choose n Dutch people at random and ask about his/her opinion at that time. Let X denotes
the number of favourable persons in the sample.

(a.) If the researcher wants to estimate p within 0.02 of the true value with a probability of at
least 0.95, wat sample size (n) should she take? [3]

(b.) What model did you use in your calculation? Comment on its use by elaborating the issue
of “exact-ness” vs “approximation” and its justification. [2]

(c.) The researcher chooses ultimately to study 200 persons (due to the budgetary restrictions).
Out of them 111 were in favour of nationalization. Calculate the 95% confidence interval
voor the true fraction based on this data. [2]

7. The Statistical Abstract of the United States reports that the mean daily number of shares
traded on the New York Stock Exchange in 2005 was 1.602 billion. Assume that the population
standard deviation equals 0.5 billion shares. Suppose that, in a random sample of 36 days from
the present year, the mean daily number of shares traded equals 1.659 billion.

Can you conclude from this data that the population mean daily number of shares traded
has increased since 2005? Design and perform, assuming an appropriate model, a statistical
hypothesis test at 5% level of significance. [5]

Final grade =
score on exam

40
× 9 + 1 (rounded off to an integer)
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