
Statistics & Probability (191506103)

Final Exam (with 7 questions and 2 tables)

Wednesday 31/10/12, 08:45 – 11:45 Full Marks : 36

Note : If you cannot solve a part (a/b/c), but the answer is given, you may
always use the answers to solve the subsequent parts (b/c/d) of a question.

1. Let X denote the temperature at which a certain chemical reaction takes place. Suppose that
X has the pdf f(x) = 1

9(4− x2) for −1 ≤ x ≤ 2 and f(x) = 0 otherwise.

(a.) Determine the cdf F (·) of X completely and thereby showing that

F (x) =
4x

9
− x3

27
+

11

27
, for −1 ≤ x ≤ 2. [2]

(b.) Suppose this reaction is independently carried out once in each of ten different labs. Find
the probability that in at most 8 of these cases the temperature exceeds 1. [3]

2. Gasoline is to be stocked in a bulk tank once at the beginning of each week and then sold to
individual customers throughout the week. Because of limited supply the stock amount may
not always be up to the full capacity of the tank and varies from week to week. Let X be the
proportion of the total capacity that is stocked at the beginning of the week. Let Y be the
proportion of the total capacity that is sold during the week. Obviously, Y ≤ X. Suppose X
and Y have the following joint probability density function:

f(x, y) =

{
3x, if 0 ≤ y ≤ x ≤ 1,

0, elsewhere.

(a.) Find the marginal density function of X. [2]

(b.) What is the probability that more than half a tank is sold given that three-fourths of the
tank was stocked? [3]

(c.) Recall that E(Y |X) is a random variable. Express the random variable in terms of X. [2]

3. A person is serving drinks at a party. The amount of drinks he pours per serving is not a
fixed quantity but is considered to be a random variable. Suppose that the expected amount
he serves per drink is 2 ounces and the standard deviation of the amount he serves per drink
is 1/2 ounce. Assume that each drink is served independently. What is the probability that a
bottle containing 63 ounces of liquid will not be empty after 36 drinks have been served? [4]

4. Suppose X is an exponential random variable with parameter λ (> 0), i.e., with pdf
fX(x) = λ e−λx, for x > 0.

(a.) Show that the m.g.f. of X is given by m(t) = λ
λ−t under certain condition on t.

[Specify the condition as well.] [2]

(b.) Use the m.g.f. from part (a.) to calculate the expectation and variance of an exponential(λ)
random variable. [3]
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5. To estimate the population variance one uses the sample variance S2
X = 1

n−1

∑n
i=1(Xi − X̄)2

corresponding to a random sample {X1, X2, . . . , Xn} from the population. If the population is
normal with variance σ2, then it can be proved that (n− 1)S2

X/σ
2 ∼ χ2

n−1. It is further known
that the expectation of a χ2

k random variable is k.

(a.) Use the above facts to show that for a N(µ, σ2) population, S2
X is an unbiased estimator of

σ2. [2]

It can also be shown that the variance of S2
X is 2σ4

(n−1) .

Now, suppose that one has two independent random samples {U1, U2, . . . , Um} and {V1, V2, . . . , Vn}
from two normal populations with possibly different means but same variances σ2. Intuitively,
both S2

U and S2
V are good estimators of σ2. One could also use the average of these two esti-

mator S̃2 = 1
2(S2

U + S2
V ). However, it is common practice to use the so-called pooled estimator

S2 =
∑m

i=1(Ui−Ū)2+
∑n

j=1(Vj−V̄ )2

m+n−2 = 1
m+n−2 [(m− 1)S2

U + (n− 1)S2
V ] to estimate σ2.

Use (a.) to answer the following.

(b.) Show that both S̃2 and S2 are unbiased estimators of σ2. [2]

(c.) Assume m = 10 and n = 8. Which one of S̃2 and S2 is more efficient? [2]

6. The melting point of hydrogenated vegetable oil is assumed to be normally distributed. There
is a new brand of hydrogenated vegetable oil in the market. We would like to estimate the
(expected) melting point of the new brand. To this end, the melting points of 16 samples from
the new brand were determined. This resulted in a sample mean of 94.32 and a sample standard
deviation of 1.275.

(a.) Construct a 95% confidence interval for the true expected melting point for this new brand
of oil. [3]

(b.) If you calculate a 97% confidence interval (in stead of 95%) based on the same data, would
that be narrower or wider than the one obtained in part (a.)? Explain (without doing any
actual calculation). [1]

7. Is the bottled water you drink safe? According to an article in U.S. News & World Report
(April 12, 1999), the Natural Resources Defense Council warns that the bottled water you are
drinking may contain more bacteria and other potentially carcinogenic chemicals than allowed by
state and federal regulations. Of the more than 1000 bottles studied, nearly one-third exceeded
government levels. Suppose that the Natural Resources Defense Council wants to check whether
the situation now has improved compared to 1999. Out of a sample of 1100 bottles, 330 bottles
were found to violate at least one government standard.

Can you conclude from this data that the situation now has indeed improved compared to 1999?
Design and perform a statistical hypothesis test at 1% level of significance. [5]

Final grade = min

{
10 ;

score on exam + 4

4
+ bonus · I{bonus>0}

}
(rounded off to an integer)
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