
Statistics & Probability (191506103)

Final Exam (with 7 questions and 3 tables)

Wednesday 02/11/11, 08:45 – 11:45
Full Marks : 45

1. Suppose U is a Uniform random variable on [−1, 1]. Find the probability density function of
X = U2. [4]

2. Suppose X and Y have the joint density function given by

f(x, y) = k · (y − x), for 0 ≤ x ≤ y ≤ 1, and = 0, elsewhere.

(a.) Show that the function above is a probability density function only if k = 6. [2]

For the following parts, assume that k = 6.

(b.) Find the marginal density of Y . [2]

(c.) Find the conditional density, fX|Y =y(·) of X given Y = y. [2]

(d.) Recall that E(X|Y ) is a random variable, which is a function of Y . Express the random
variable in terms of Y . [2]

3.(a.) Consider a Bernoulli random variable, X, taking values 0 and 1 with probabilities (1 − p)
and p respectively. Find the moment generating function (mgf) of X. [2]

(b.) Use (a.) to identify the random variable Y whose mgf is given by 1

5
(2 + 3et). [1]

(c.) Consider a random variable Z whose mgf is given by (0.3 + 0.7et)3. Find P (Z = 2). [3]

[Hint: Show that Z can be thought of as sum of a few random variables. Express the required
probability in terms of those random variables.]

4. A drunkard executes a “random walk” in the following way: each minute he takes a step north
or south, with probability 1

2
each, and his successive step directions are independent. His step

length is 50 cm. Find the probability that after one hour he would be within 3 meters from
where he started. [5]

5. Consider the probability density function

f(x) =
1

2
(1 + θ x), −1 ≤ x ≤ 1.

(a.) Show that the method of moment estimator for θ is θ̂ = 3 X̄ . [2]

(b.) Show that θ̂ is an unbiased estimator of θ. [2]

6. In a study of 71 smokers who tried to quit smoking with nicotine patch therapy, 39 were still
smoking one year after the treatment, and 32 quit smoking one year after the treatment (based
on data from “High-Dose Nicotine Patch Therapy”, by Dale et al., Journal of the American
Medical Association, Vol. 274, No. 17).

(a.) Can it be claimed based on this study that the majority of the smokers who try to quit with
nicotine patch therapy still smoke a year after the treatment? Perform a relevant statistical
hypothesis test using a significance level of 0.05. [5]

(b.) Calculate the P-value for this test. Use the P-value to give your conclusion if one uses a
level of significance 0.1. [3]
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7. An article in Medicine and Science in Sports and Exercise considered the use of electromyos-
timulation (EMS) as a method to train healthy skeletal muscle and effect thereof on average
performance as well as consistency of performance (measured in terms of variability). EMS
sessions consisted of 30 second contractions (four second duration, 85 Hz) and were carried
out three times per week for three weeks on 17 randomly chosen ice hockey players. After the
therapy, a ten-meter skating performance test resulted in an average time of 1.1 seconds and a
standard deviation of 0.09 seconds.

(a.) Calculate a 95% confidence interval for the time an ice hockey player is expected to take to
skate 10 meter distance after going through a EMS training mentioned above. [3]

(b.) Calculate a 90% confidence interval for the variance of the performance time for an ice hockey
player after a EMS training as above. [3]

(c.) Explain how the calculation of your confidence interval in part (a.) would have changed if
the true variability of the performance times were known. [2]

[Hint: You do not need to actually calculate any new interval.]

(d.) If one had studied more hockey players, would you expect the confidence interval in part
(a.) to be narrower or larger? Explain. [2]
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