
Statistics & Probability (191506103)

Final Exam (with 8 questions and 2 tables)

Wednesday 27/10/10, 08:45 – 11:45
Full Marks : 45

1. A fire insurance company has high-risk, medium-risk and low-risk clients, who have, respectively,
probabilities 0.02, 0.01, 0.0025 of filing claims within a given year. The proportions of clients
in these three categories are 0.1, 0.2, and 0.7, respectively. What proportion of the claims filed
each year come from high-risk clients? In doing so define all the required events clearly and
identify the probabilities. [5]

2. At the moment of paying for your lunch (at the checkout counter of the university canteen), you
realise that you do not have any cash with you and your bank-card does not have any money
on its “chip”. So you run to the “chipknip” machine next to the counter to put some money
on the chip of bank-card. There is already a queue there. So you have to wait and after this,
possibly again in the queue at the checkout counter. Suppose X and Y are respectively the
waiting times at the chipknip counter and at the checkout counter. Suppose that X and Y are
independent and both are exponential(λ) distributed random variables, i.e., with the pdf

f(u) = λe−λu, for u > 0. (1)

Find the probability distribution (pdf) of the extra time, X + Y , you spent in the canteen due
to not having cash with you. Answer this by first calculating the cdf. Do not use the formula
for convolution. [4]

3. If X and Y are independent and Z = Y − X, find expressions for the covariance and the
correlation of X and Z in terms of the variances of X and Y . [4]

4. The international terminal of a particular airport handles an average of 3000 passengers an
hour but is capable of handling twice that number. Also, 80% of the arriving passengers pass
through without their luggage being inspected and the remainder are detained for inspection.
The inspection facility can handle 775 passengers an hour without unreasonable delays for the
travellers. With the introduction of a new time schedule and a few new flights, the authority is
expecting to receive 4000 passengers between 21:00 and 22:00 hours. Calculate the probability
that during this hour on a day when 4000 passengers pass through the terminal, the travellers
will experience unreasonable luggage inspection delays? [4]

5. Recall that the pmf of a Poisson(λ) r.v. is given by p(k) = e−λλk/k!, for k = 0, 1, 2, . . .
Using convolution theorem one can prove the following result:

“The sum of two independent Poisson random variables is also Poisson distributed.”

You are, however, asked to prove the result using the moment generating function (mgf), by
following the steps outlined below.

(a.) Find the mgf of a Poisson(λ) random variable. [4]

[Hint: it may help in your calculation, to note that
∑

p(k) = 1 for every λ > 0. In other

words,
∑∞

k=0
ak/k! = ea for any a > 0.]

(b.) Suppose X and Y are two independent Poisson random variables with parameters µ1 and
µ2 respectively. Use the properties of mgf to find the mgf of X + Y . Finally, identify the
probability distribution of X + Y . [1+1].
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6. Suppose that Y1, Y2, . . . , Yn is a random sample from a distribution with pdf

f(y; θ) =
y

θ2
e−y/θ, y > 0, (θ > 0.)

(a.) Find the maximum likelihood estimator of θ. [4]

(b.) Is the MLE in part (a.) unbiased for θ? [2]

[Hint: You may use the fact that E(X2) = 2/λ2, for an exponential(λ) distributed r.v. X,
with pdf as given by equation (1) of problem 2.]

7. A stock analyst claims to have devised a mathematical technique for selecting high quality
mutual funds and promises that a client’s portfolio will have higher average 10-year annualized
returns and lower volatility; that is, a smaller standard deviation. After 10 years, one of
analyst’s 24-stock portfolios showed an average 10-year annualized return of 11.50% and a
standard deviation of 10.17%. The benchmarks for the type of funds considered are a mean
of 10.10% and a standard deviation of 15.67%. Assume that 10-year annualized returns of a
24-stock portfolio, selected by the analyst’s method are normally distributed. Test at 0.05 level
of significance that as far as the standard deviation is concerned, the analyst’s method beats
the benchmark. [5]

8. From previous surveys it is known that about 85% of the general public is right-handed. It is
suspected that the proportion of the executives of large corporations who are right-handed is
higher.

(a.) A researcher wants to estimate the latter proportion within 0.05 of its true value with 95%
probability. How many executives should the researcher include in the sample? [4]

(b.) Ultimately, the researcher did a survey among 300 chief executive officers of large corpo-
rations and 96% of them are turned out to be right-handed. Calculate a 95% confidence
interval for the true percentage of executives of large corporations who are right handed. [3]

(c.) If you calculate a 99% confidence interval, would that be smaller or larger than the one
obtained in (b.)? Explain (without doing any actual calculation.) [2]

(d.) If the researcher took a sample of 400 executives, would you expect a larger or smaller 95%
confidence interval than the one obtained in (b.)? Explain. [2]
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