
Statistics & Probability (150610)

Final Exam (with 8 questions and 3 tables)

Friday 29/01/10, 08:45 – 11:45
Full Marks : 50

1. Suppose U is a Uniform random variable on [0, 1]. Find the probability density function of
X =

√
U . [3]

2. A truck driver drives between fixed locations in Los Angeles and Phoenix. The duration, in
hours, of a round trip has an exponential distribution with parameter λ = 1/20, that is with a
pdf given by

f(x) =
1

20
e−x/20, x > 0.

(a.) Determine the probability that a round trip exceeds 25 hours. [3]

(b.) Assuming that the round-trip durations are independent from one trip to the next, find the
probability that exactly two of five round trips take more than 25 hours. [3]

3. A soft-drink machine has a random amount X in supply at the beginning of a given day and
dispenses a random amount Y during the day (measurements are in gallons). It is not resupplied
during the day and hence Y ≤ X. From past experiences it is known that X and Y have a joint
probability density given by

f(x, y) =

{

1

2
, if 0 ≤ y ≤ x ≤ 2,

0, elsewhere.

(a.) Find the marginal density functions of X. [3]

(b.) What is the probability that less than a half gallon will be sold in a day given that the machine
contains 1.5 gallons at the start of the day? First determine the appropriate probability
density function fully. [4]

(c.) Note that E(Y |X) can be interpreted here as the (conditional) expected amount of sale
during a day given the capacity of the machine for that day. This would of course be a
function of the capacity. Calculate this function. [2]

4. In a greenhouse 40 heat lamps are connected in such a way that only one lamp is turned on
at any time and when one lamp fails, another takes over immediately. The lamps operate
independently, and each has a mean life of 52 hours and standard deviation of 5 hours. If the
greenhouse is not checked for the next 90 days after the lamp system is turned on, what is the
probability that a lamp will be burning at the end of the 90-day period? [5]

5. Recall that the moment generating function of a N(µ, σ2) random variable is given by etµ+
1

2
t2σ2

.
Suppose X1,X2, . . . ,Xn is a random sample from a normally distributed population with mean
µ and variance σ2. Use the properties of moment generating function to find the probability

distribution of X̄ =
1

n

n
∑

i=1

Xi. [4]
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6. Suppose a random sample of size n is taken from a geometric population with parameter p
(0 < p < 1), i.e. with the probability mass function

P (X = x) = (1 − p)x−1p, x = 0, 1, 2, 3, . . . .

and with expectation E(X) = 1/p.

(a.) Show that the maximum likelihood estimator (MLE) for p is p̂ = n
P

n

i=1
Xi

. [4]

(b.) It can be shown that if θ̂ is the MLE of θ and g(·) is a one-to-one function then the MLE of
the parameter η = g(θ) is given by η̂ = g(θ̂). Using this fact one concludes that the MLE of

η := 1/p is η̂ =
P

n

i=1
Xi

n . Is the MLE η̂ an unbiased estimator of η? [3]

7. Containers of car antifreeze are filled by a machine. The exact amount, X, poured by the
machine into a container is, of course, a random variable. To check whether all the parameters
are properly set for the machine, a Quality Control Manager took a random sample of 18
containers and found that (sample) average of the liquid content in these containers was 3787 ml
and the sample standard deviation is 55.4 ml. Assume normality of X to answer the following
questions.

(a.) Use the sample results to construct the 95% confidence interval for the true σ2, the variance
of X. [3]

(b.) Calculate also the 95% confidence interval for the true µ, the expected liquid content per
container poured by the machine. [3]

(c.) Explain how your confidence interval in part (b.) would have changed if the true σ2 were
known. [You do not need to actually calculate any new interval.] [2]

8. It is a popular belief that cancers of the brain or nervous system are affected by cell phone use.
In a study of 420095 Danish cell phone users, 155 subjects developed such cancer (based on
data from the Journal of the National Cancer Institute as reported in USA Today).

(a.) Should cell phone users be concerned about cancer of the brain or nervous system? Answer
the question by performing a statistical hypothesis test for the claim that cell phone users
develop cancer of the brain or nervous system at a higher rate than the rate of 0.0340%
for people who do not use cell phones. Because this issue is greatly sensitive, use a 0.01
significance level. [5]

(b.) What is the P-value of the test in part (a.) ? [3]
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