
Statistics & Probability (150610)

Final Exam (with 8 questions and 2 tables)

Wednesday 28/10/09, 08:45 – 11:45
Full Marks : 50

1. Suppose U is a Uniform random variable on [−2, 2]. Find the probability density function of
X = |U | (absolute value of U). [3]

2. Let X denote the temperature at which a certain chemical reaction takes place. Suppose that
X has the pdf f(x) = 1

9(4 − x2) for −1 ≤ x ≤ 2 and f(x) = 0 otherwise.

a. Determine completely the cdf F (·) of X, thereby showing that for −1 ≤ x ≤ 2,

F (x) =
4x

9
−

x3

27
+

11

27
. [3]

b. Is 0 the median temperature at which the reaction takes place? If not, is the median
temperature smaller or larger than 0? [1]

c. Suppose this reaction is independently carried out once in each of ten different labs. Find
the probability that in at most 8 of these cases the temperature exceeds 1. [3]

3. Suppose that the random variables X and Y have the following joint probability density function:

f(x, y) = e−x, for 0 < y < x, and = 0, elsewhere

a. Find the marginal density of X. [3]

b. Recall that E(Y |X) is a random variable and a function of X. Determine the random
variable. [4]

4. From previous experience an airline has concluded that 5% of all ticket sales are “no-show”. In
other words, the probability that a person with a reservation for a flight does not show up is
0.05. If the airline sells 160 tickets for a flight with 150 seats, what is the probability that seats
will be available for everybody showing up at the airport with a valid resrvation? Answer as
accurately as possible using the provided tables (do not use the tables from the calculator). [5]

5. Suppose that Y1, Y2, . . . , Yn is a random sample from a distribution with pdf

f(y; θ) = θ yθ−1, 0 < y < 1, (θ > 0.)

Find the maximum likelihood estimator of θ. [Note that for such data, logarithms of the
observations would always be negative, because ln(y) < 0 for 0 < y < 1.] [5]

6. The “fear of negative evaluation” (FNE) scores for 11 female students known to suffer from the
eating disorder bulimia and 11 female students with normal eating habits are given below. The
higher the score, the greater the fear of negative evaluation.

Bulimic students (x) 21 13 10 20 25 19 16 21 24 13 14
Normal students (y) 13 6 16 13 8 19 23 18 11 19 7

Summary :
∑

x = 196
∑

y = 153
∑

(x − y) = 43∑
x2 = 3734

∑
y2 = 2439

∑
(x − y)2 = 799

Source: Randles, R. H. “On neutral responses (zeros) in the sign test and ties in the Wi1coxon-Mann-Whitney

test.” The American Statistician, Vol. 55, No.2, May 2001 (Figure 3).
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(a.) Find a 95% confidence interval for the difference between the expected FNE scores for bulimic
and normal female students. [3]

(b.) How do you interpret such an interval? [1]

(c.) What assumptions are required for the interval of part (a.) to be statistically valid? [1]

7. Is the bottled water you drink safe? According to an article in U.S. News & World Report
(April 12, 1999), the Natural Resources Defense Council warns that the bottled water you are
drinking may contain more bacteria and other potentially carcinogenic chemicals than allowed by
state and federal regulations. Of the more than 1000 bottles studied, nearly one-third exceeded
government levels. Suppose that the Natural Resources Defense Council wants to check whether
the situation now has improved compared to 1999. Out of a sample of 1100 bottles, 330 bottles
were found to violate at least one government standard.

(a.) Can you conclude from this data that the situation now has indeed improved compared to
1999? Design and perform a statistical hypothesis test at 1% level of significance. [5]

(b.) Calculate and interpret the P-value of your test procedure. [3]

(c.) What is the power of your test procedure if the true percentage of bottles that violate at
least one government standard is 28%? [3]

8. Consider an exponentially distributed population with parameter θ. That is to say that, if X
is drawn from this population, then its density is given by f(x) = θ e−θ x, x > 0. We want to
do statistical inferences about the parameter θ based on a random sample X1,X2, . . . Xn from
this population. Now proceed as follows. [Even if you cannot solve one part, you may still use
the result of that part to solve the next part.]

(a.) Use the facts that the moment generating function of an Exponential(λ) random variable is
given by λ/(λ − t) and that for χ2

(n) is (1 − 2t)−n/2 to show that 2θX ∼ χ2
(2). [2]

(b.) Show that 2nθX̄ ∼ χ2
(2n). [2]

(c.) Derive a formula for 100(1 − α)% confidence interval for θ. [3]
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