
Statistics & Probability (150610)

Final Exam (with 9 questions and 2 tables)

Friday 30/01/09, 09:00 – 12:00 Full Marks : 50

1. Today Bob has a short class-test. It contains 5 multiple choice questions, each having 4 possible
choices. For each question Bob has 80% chance of knowing the answer. If he does not know the
answer he makes a random guess.

(a.) If Bob’s answer to a particular question is correct, what is the probability that he actually
knew the answer? [3]

(b.) If Bob answers all 5 questions correctly, what is the probability that he guessed at least one
answer? [2]

2. Find the probability density function of Y = eZ , where Z ∼ N(µ, σ2). This is called the
lognormal density, since log Y is normally distributed. [4]

3. Suppose U and V are two independent uniform random variables on [0, 1]. Define X = min(U, V )
and Y = max(U, V ). Obviously X ≤ Y . It can be shown that the joint probability density of
X and Y is constant over the range 0 ≤ x ≤ y ≤ 1, i.e., given by

f(x, y) = k, 0 ≤ x ≤ y ≤ 1.

(a.) Determine the constant k. [2]

(b.) Find the marginal density of X. [3]

(c.) Find the conditional density, fY |X=x(y), of Y given X = x. [2]

(d.) Find the random variable E(Y |X). [2]

4. The quality of computer disks is measured by the number of missing pulses. Brand X advertises
that 80% of its disks have no missing pulses. If 100 disks of brand X are inspected, what is the
probability that 15 or more contain missing pulses? Answer as accurately as possible using the
provided tables (do not use the tables from the calculator). [4]

5. Suppose X and Y are independent and are N(0, 1) and N(1, 1) random variables, respectively.
Use the moment generating function (mgf) technique to find the probability distribution of
Z = 3Y + 2X. Recall that the mgf for N(µ, σ2) is given by m(t) = exp

(
µ t + 1

2σ2 t2
)
. [3]

6.(a.) Show that for a binomial model U ∼ Bin(n, p), U/n is an unbiased estimator of p. [2]

(b.) Provide (with proof) an unbiased estimator for the difference, p1 − p2, of two probabilities
corresponding to two binomial populations X ∼ Bin(n1, p1) and Y ∼ Bin(n2, p2). [2]

(c.) Calculate the mean squared error (MSE) for the estimator in part (b.). [2]
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7. Researchers are interested in the ages of the societies found in two different archaeological sites,
Terral Lewis and Jaketown, thought to have flourished during the period from 1700 to 500 B.C.
The following table shows the dates (in years B.C.) associated with four baked clay ornaments
found in these two sites.

Terral Lewis estimates, xi Jaketown estimates, yi

1492 1346
1169 942
990 908
988 858

Some of the summary statistics for this data are given below∑
xi = 4639

∑
yi = 4054

∑
(xi − yi) = 585∑

x2
i = 5548869

∑
y2

i = 4259708
∑

(xi − yi)2 = 96469.

(a.) Do the data suggest that the society in Jaketown is younger than that in Terral Lewis?
Answer by performing a proper statistical hypothesis test after mentioning clearly what
your model assumptions are. Use a level of significance of 5%. [6]

(b.) Find the approximate P-value of the test. [2]

8. To buy a 30-seconds slot of TV commercial during the telecast of Superbowl (championship
game of NFL, a professional league playing American football) costs a huge amount of money
(in the order of $100000). Not surprisingly, potential advertisers want to know how many people
will actually watch. In a survey of 1015 potential viewers, 281 said they expected to see less
than a quarter of the advertisements aired during the game.

(a.) Based on the above data, construct a 95% confidence interval for the true (unknown) propor-
tion of viewers who will watch less than 25% of the advertisements aired during the telecast
of Superbowl. [4]

(b.) If the confidence interval was constructed based on a survey with more viewers, what would
you expect regarding the size of the interval? Explain. [2]

9. True or False: [5]

(a.) If a test is rejected at the significance level α, the probability that the null hypothesis is true
equals α.

(b.) the significance level of a statistical test is equal to the probability that the null hypothesis
is true.

(c.) The power of a test is determined by the null distribution of the test statistic.

(d.) If a test rejects the null hypothesis at 5% level of significance, then it will also reject the null
hypothesis at significance level 1%.

(e.) If a test rejects the null hypothesis at significance level 0.06, then the p-value is greater than
or equal to 0.06.
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