
Statistics & Probability (150610)

Final Exam (with 8 questions and 2 tables)

Wednesday 29/10/08, 09:00 – 12:00 Full Marks : 50

1. Suppose X is an exponential(1) random variable, i.e., with probability density function (pdf)
fX(x) = e−x, for x > 0. Find the pdf of the random variable Y = 1

X+1 . [4]

2. Three identical fair coins are thrown simultaneously until all three show the head.

(a.) What is the probability that it will be achieved in the first throw? [1]

(b.) What is the probability that they are thrown more than three times? [2]

3. Gasoline is to be stocked in a bulk tank once at the beginning of each week and then sold to
individual customers throughout the week. Because of limited supply the stock amount may
not always be up to the full capacity of the tank and varies from week to week. Let X be the
proportion of the total capacity that is stocked at the beginning of the week. Let Y be the
proportion of the total capacity that is sold during the week. Obviously, Y ≤ X. Suppose X
and Y have the following joint probability density function:

f(x, y) =

{
3x, if 0 ≤ y ≤ x ≤ 1,

0, elsewhere.

(a.) Find the marginal density function of X. [3]

(b.) What is the probability that more than half a tank is sold given that three-fourths of the
tank was stocked? [4]

(c.) Recall that E(Y |X) is a random variable. Express the random variable in terms of X. [3]

4. For a certain kind of flower bulb it is known that 3% of the bulbs do not germinate. The bulbs
are packaged and sold in boxes of 10 with the guarantee that at least 9 of the 10 bulbs will
germinate.

(a.) What is the probability that an arbitrary box will not have the guaranteed property.? [2]

(b.) A big shipment of 1000 boxes was received by a dealer. What is the probability that at most
30 of these boxes will fail to satisfy the guarantee? Try to give as accurate an answer as you
can from the materials provided. [4]

5. To obtain the moment generating function (m.g.f.) of a negative binomial random variable X
with number of successes r and probability of success p we proceed as follows.

(a.) Show that the m.g.f. of a geometric random variable W with probability distribution
P (W = k) = p(1− p)(k−1), for k ≥ 1 is given by mW (t) = pet/[1− (1− p)et]. [4]

[Recall the formula for the sum of a geometric series : 1+a+a2+· · · (=
∑∞

k=0 ak) = 1/(1−a).]

(b.) Define Wi to be the number of trials needed after the (i− 1)-th success till the i-th success.
That is to say W1 is the number of trials needed for the first success; W2 is the number of trials
needed after obtaining the first success to reach the 2nd success and so on. Obviously each
of the Wi’s has a geometric(p) distribution and since the original trials were independent,
Wi’s are also independent. Note that X can be written as X = W1 + W2 + · · · + Wr. Now
use the result of part (a) to obtain the m.g.f. of X. [2]
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6. To estimate the population variance one uses the sample variance S2
X = 1

n−1

∑n
i=1(Xi − X̄)2

corresponding to a random sample {X1, X2, . . . , Xn} from the population. If the population is
normal with variance σ2, then it can be proved that (n− 1)S2

X/σ2 ∼ χ2
n−1. It is further known

that the expectation and variance of a χ2
k random variable are k and 2k, respectively.

(a.) Use the above facts to show that for a N(µ, σ2) population, S2
X is an unbiased estimator of

σ2 and then calculate the mean squared error (MSE) for this estimator. [3]

Now, suppose that one has two independent random samples {U1, U2, . . . , Um} and {V1, V2, . . . , Vn}
from two normal populations with possibly different means but same variances σ2. Intuitively,
both S2

U and S2
V are good estimators of σ2. One could also use the average of these two

estimator S̃2 = 1
2(S2

U + S2
V ). However, it is common practice to use the pooled estimator

S2 =
Pm

i=1(Ui−Ū)2+
Pn

j=1(Vj−V̄ )2

m+n−2 = 1
m+n−2 [(m− 1)S2

U + (n− 1)S2
V ] to estimate σ2.

Use (a.) to answer the following.

(b.) Show that both S̃2 and S2 are unbiased estimators of σ2. [2]

(c.) Calculate the MSEs for both the estimators. Which one is better w.r.t. MSE, if m = 10 and
n = 8? [3]

7. A public health survey is being planned in a large metropolitan area for the purpose of estimating
the proportion of children, aged 0 to 14, who are lacking adequate polio immunization. They
plan to use the sample proportion for this estimation.

(a.) Organizers would also like the estimated proportion to have at least a 98% chance of being
within 0.05 of the true proportion p. How large should the sample be? [4]

For the following two questions justify your answer without doing any further calculation.

(b.) If the organizers wanted 99% chance in stead of 98%, would they need a larger or smaller
sample? [1]

(c.) If the organizers wanted 98% chance of being within 0.03 of the true value, (in stead of being
within 0.05) would the required sample size be larger or smaller? [1]

8. The melting point of hydrogenated vegetable oil is assumed to be normally distributed. It is
suspected that a new brand of hydrogenated vegetable oil has a lower melting point than what
is desired. To check this 16 samples from this new brand were tested. The melting point of
each of the 16 samples was determined and resulted in a sample mean of 94.32 and a sample
standard deviation of 1.275.

(a.) Use a level 0.01 statistical test and the obtained data to check whether the expected melting
point for this particular brand of oil is less than the desired level of 95. [5]

(b.) Find the approximate P-value of the test. [2]
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