
Statistics & Probability (150610)

Final Exam (with 8 questions and 2 tables)

Wednesday 31/10/07, 09:00 – 12:00 Full Marks : 50

1. Suppose U is a Uniform random variable on (0, 1). Find the probability density function of the
random variable X = −λ−1 ln(U), where λ > 0. Can you recognize the distribution? [4]
[Hint: Recall that ln(x) < 0, for 0 < x < 1, and limx→0 ln(x) = −∞.]

2. A truck driver drives between fixed locations in Los Angeles and Phoenix. The duration, in
hours, of a round trip has an exponential distribution with parameter λ = 1/20, that is with a
pdf given by

f(x) =
1
20

e−x/20, x > 0.

(a.) Determine the probability that a round trip exceeds 25 hours. [3]

(b.) Assuming that the round-trip durations are independent from one trip to the next, find the
probability that exactly two of five round trips take more than 25 hours. [3]

3. Suppose that the random variables X and Y have the following joint probability density function:

f(x, y) = 8xy, for 0 < y < x < 1 and = 0, elsewhere

a. Find the marginal density of X. [3]

b. Find the conditional probability density function of Y given X = x and
calculate P (Y > 1

4 |X = 1
2). [3]

c. Recall that E(Y |X) is a random variable. Express the random variable in terms of X. [3]

4. Suppose X and Y are independent N(0, 1) random variables. Use the moment generating
function (mgf) technique to find the probability distribution of Z = 2X + 3Y + 4. Recall that
the mgf for N(µ, σ2) is given by m(t) = exp

(
µ t + 1

2σ2 t2
)
. [3]

5. Forty-eight length measurements (in cm.) are recorded to several decimal places. Each of these
48 numbers is rounded off to the nearest integer. The sum of the original 48 numbers is
approximated by the sum of these integers. If we assume that the errors made by rounding off
are i. i. d. and have a uniform distribution over the interval (−1

2 , 1
2), compute approximately

the probability that the sum of the integers is within two cm. of the true sum. [4]

[Hint: Recall that if X ∼ Uniform(a, b), then E(X) = b+a
2 and Var(X) = (b−a)2

12 .]
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6. Suppose a random sample of size n is taken from a geometric population with parameter p
(0 < p < 1), i.e. with the probability mass function

P (X = x) = (1− p)x−1p, x = 0, 1, 2, 3, . . . .

and with expectation E(X) = 1/p.

(a.) Show that the maximum likelihood estimator (MLE) for p is p̂ = nPn
i=1 Xi

. [4]

(b.) It can be shown that if θ̂ is the MLE of θ and g(·) is a one-to-one function then the MLE of
the parameter η = g(θ) is given by η̂ = g(θ̂). Use this fact to find the MLE of η = 1/p. [1]

(c.) Is your MLE of part (b.) an unbiased estimator of η? [3]

7. The diameter of steel rods manufactured on two different extrusion machines is being investi-
gated. Two random samples of size n1 = 15 and n2 = 17 are selected, and the sample means and
sample variances are found to be : x̄1 = 8.73, s2

1 = 0.35, x̄2 = 8.68, and s2
2 = 0.40, respectively.

Assume that the data are drawn from a normal population.

(a.) Construct a 95% confidence interval for the difference in expected rod diameters produced
by the two machines. State your model assumptions explicitely. [4]

(b.) What can you say about the actual difference being inside the numerical interval you found
in part (a.)? Explain. [2]

(c.) If you had more observation (on both sample), would you expect to obtain a wider or
narrower interval? Explain. [2]

8. It is generally believed that about 77% of people (in a certain locality) use seat belts while
driving. An advertising campaign is conducted to make the situation better.

(a.) To check whether the situation two months after the campaign has indeed become better
a researcher (having limited amount of money available) has decided to use a sample of 25
observations. (S)he will conclude that situation has become better if at most 2 people (of
those 25 examined) were not wearing seat belts. Consider this in the framework of statistical
hypothesis testing. If one wants to limit the type I error to a maximum of 5% of the time,
would this procedure satisfy that criterion? [4]
[Hint: Identify the relevant elements – model, hypotheses, test statistic, critical region – of
the given procedure and calculate the level of significance for the given procedure]

(b.) At the same time, the local governing body has asked you, an expert statistician, as well
to check whether there is improvement. With a larger budget you could afford to have a
random sample of 590 drivers. You found out that 494 of them were wearing their seat belts.
Using an appropriate test with level of significance α = 0.05, what can you conclude from
your findings? [4]
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