
Statistics & Probability (150610)

Final Exam
Wednesday 01/11/06, 09:00 – 12:00 Full Marks : 50

1. Suppose U is a Uniform random variable on [−2, 2]. Find the probability density function of
X = U2. [3]

2. The management at a fast-food outlet is interested in the joint behaviour of the random variables
X, the time customer waits in line before reaching the service window and Y , the total time
between a customer’s arrival at the store and departure from the service window. Because total
time Y includes the time a customer waits in line, we must have Y ≥ X. The joint probability
density function can be modeled by

f(x, y) = e−y, for 0 ≤ x ≤ y, and = 0, elsewhere

with time measured in minutes.

(a.) Calculate the probability that the actual service time would be longer than the waiting time
in line (before reaching the service window). [3]

(b.) Find the marginal density of Y . [3]

(c.) Find the expected waiting time in the line given that total time Y was y minutes. [3]

3. An airline always makes “overbooking” to make up for passengers not showing up for a flight.
Suppose an airline assumes the probability that a passenger arrives for a particular flight is 0.9.
They also assume that the passengers behave independently. Suppose the flight in consideration
can hold 185 passenger.

(a.) If the airline makes 200 reservations for this flight, what is the probability that all the
passengers that arrive can be seated? [4]

(b.) Airlines want to have at least 95% probability that all the passengers that arrive can be
seated. What is the maximum number of reservations that the airline can make for this
flight still to have their demand met? [3]

[Hint: First of all decide whether it would be more than 200 or less. Then obtain the
condition (inequality) the number of reservations n (to be found) must satisfy. Further try
out a few values for n.]

4. An article in Medicine and Science in Sports and Exercise considered the use of electromyos-
timulation (EMS) as a method to train healthy skeletal muscle. EMS sessions consisted of 30
second contractions (four second duration, 85 Hz) and were carried out three times per week
for three weeks on 17 ice hockey players. The ten-meter skating performance test resulted in an
average time of 1.1 seconds and a standard deviation of 0.09 seconds. There is a suspicion that
the use of EMS improves the average performance but consistency worsens.

(a.) Is there a strong evidence to conclude that the standard deviation of the performance times
after EMS session exceeds the historical value of 0.075 seconds? Use α = 0.05. [5]

(b.) Can we conclude from the data that the expected performance time has improved from the
historical value of 1.15 seconds? Use α = 0.05. [5]
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5. The arsenic concentration in public drinking water supplies is a potential health risk. An article
in the Arizona Republic (Sunday, May 27, 2001) reported drinking water arsenic concentrations
in parts per billion (ppb) for 10 metropolitan Phoenix communities and 10 communities in rural
Arizona. The summary of the data was as follows:

Metro Phoenix : x̄ = 12.5, sx = 7.63
Rural Arizona : ȳ = 27.5, sy = 15.3

(a.) Calculate a 95% confidence interval for the difference in the expected arsenic concentration
between Rural Arizona and Metropolian Phoenix. [5]

(b.) What model assumptions did you make in part (a.)? What do you think about their cor-
rectness? [3]

6. Consider the probability density function

f(x) =
1
2
(1 + θ x), −1 ≤ x ≤ 1.

(a.) Show that the method of moment estimator for θ is θ̂ = 3 X̄. [4]

(b.) Show that θ̂ is an unbiased estimator of θ. [3]

7. Recall that the probability density function of an exponentially distributed random variable
with parameter λ is given by f(x) = λ e−λ x, for x > 0.

(a.) Find the moment generating function of such an exponential(λ) random variable. [3]

(b.) Recall that the moment generating function of a χ2
n random variable is (1−2t)−n/2. Suppose

X ∼ exponential(1). Identify the distribution of 2X fully. [3]
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