
Statistics & Probability (150610)

Final Exam
Friday 03/02/06, 09:00 – 12:00 Full Marks : 45

1. Suppose U is a Uniform random variable on [−1, 1]. Find the probability density function of
X = |U | (absolute value of U). [3]

2. A soft-drink machine has a random amount Y in supply at the beginning of a given day and
dispenses a random amount X during the day (measurements are in gallons). It is not resupplied
during the day and hence X ≤ Y . From past experiences it is known that X and Y have a joint
probability density given by

f(x, y) =

{
1
2 , if 0 ≤ x ≤ y ≤ 2,

0, elsewhere.

a. Find the marginal density functions of X and Y . [5]

b. What is the probability that less than half gallons will be sold in a day given that the machine
contains 1.5 gallons at the start of the day? [4]

3. In a greenhouse 40 heat lamps are connected in such a way that only one lamp is turned on
at any time and when one lamp fails, another takes over immediately. The lamps operate
independently, and each has a mean life of 52 hours and standard deviation of 5 hours. If the
greenhouse is not checked for the next 90 days after the lamp system is turned on, what is the
probability that a lamp will be burning at the end of the 90-day period? [5]

4. Let X be a discrete random variable with the following distribution:

x 0 1 2
p(x) 1

4
1
2

1
4

(a.) Find the moment generating function, M(t), of X. [4]

(b.) Verify that E(X2) = M ′′(0). [2]

5. Suppose that Y1, Y2, . . . , Yn is a random sample from a distribution with pdf

f(y; θ) = (θ + 1) y−θ−2, y > 1, (θ > 0.)

Find the method of moment estimator of θ. [5]
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6. As part of the National Health and Nutrition Examination Survey conducted by the Department
of Health and Human Services, self-reported heights and measured heights were obtained for
males aged 12-16. The results from the sample are listed below.

Reported (x) 68 71 63 70 71 60 65 64 54 63 66 72
Measured (y) 67.9 69.9 64.9 68.3 70.3 60.6 64.5 67.0 55.6 74.2 65.0 70.8∑

xi = 787
∑

yi = 799
∑

(xi − yi) = −12∑
x2

i = 51921
∑

y2
i = 53471.66

∑
(xi − yi)2 = 148.26.

(a.) Construct a 95% confidence interval estimate of the mean difference between reported heights
and measured heights. [5]

(b.) Would a 90% confidence interval be smaller or larger? Explain. [2]

7. In one study of smokers who tried to quit smoking with nicotine patch therapy, 39 were smoking
one year after the treatment, and 32 were not smoking one year after the treatment (based on
data from “High-Dose Nicotine Patch Therapy”, by Dale et al., Journal of the American Medical
Association, Vol. 274, No. 17).

(a.) Use a 0.10 significance level to test the claim that among smokers who try to quit with
nicotine patch therapy, the majority are smoking a year after the treatment. [6]

(b.) What is the P-value for this test? Give your conclusion if one uses a level of significance
0.05. [4]
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