
Statistics & Probability (150610)

Final Exam
Wednesday 02/11/05, 09:00 – 12:00 Maximum Possible Score : 50

1. Suppose U is a Uniform random variable on [0, 1].

(a.) Find the probability density function of X =
√

U . [4]

(b.) Suppose n ≥ 1 is an integer. Find the probability distribution of Y = bnUc, where btc is the
largest integer less than or equal to t. (For example, b1c = b1.1c = b1.99c = 1.) [3]

2. Suppose X and Y have the joint density function given by

f(x, y) = k · (y − x), for 0 ≤ x ≤ y ≤ 1, and = 0, elsewhere.

(a.) Sketch the region over which the density function is positive and use it to determine the
limits of integration in answering the following questions. [1]

(b.) Find k. [2]

(c.) Find the marginal densities of X and Y . [4]

(d.) Find the conditional densities of Y given X = x and X given Y = y. [4]

3. Suppose that a company ships packages that are variable in weight, with an average weight of
15 lb and a standard deviation of 10 lb. The packages come from a large number of different
customers so that it is reasonable to model their weights as independent random variables. Find
the probability that 100 packages will have a total weight exceeding 1700 lb. [5]

4. From previous surveys it is known that about 85% of the general public is right-handed. It is
suspected that the proportion of the executives of large corporations who are right-handed is
higher.

(a.) A researcher wants to estimate the latter proportion within 0.05 of its true value with 95%
probability. How many executives should the researcher include in the sample? [4]

(b.) Ultimately, the researcher did a survey among 300 chief executive officers of large corpo-
rations and 96% of them are turned out to be right-handed. Calculate a 95% confindence
interval for the true percentage of executives of large corporations who are right handed. [3]

(c.) If you calculate a 99% confidence interval, would that be smaller or larger than the one
obtained in (b.)? Explain (without doing any actual calculation.) [2]

(d.) If the researcher took a sample of 400 executives, would you expect a larger or smaller 95%
confidence interval than the one obtained in (b.)? Explain. [2]

1



5. The melting point of each of 16 samples of a certain brand of hydrogenated vegetable oil was
determined and resulted in x̄ = 94.32. Assume that the distribution of the melting point is
normal with σ = 1.20.

(a.) Use a level 0.01 statistical test to check whether the expected melting point µ for this
particular brand of oil is less than the desired level of 95. [6]

(b.) Calculate the power of this test when µ = 94. [3]

6. Consider two exponentially distributed populations with parameters θ1 and θ2. We want to
do statistical inferences about θ2

θ1
. So consider two independent samples. That is to say,

X1, X2, . . . Xn are i.i.d. exponential(θ1) and Y1, Y2, . . . Ym are i.i.d. exponential(θ2) and Xi’s
are independent of Yj ’s. Now proceed as follows. [Even if you cannot solve one part, you may
still use the result of that part to solve for the next part.]

(a.) Fact : the moment generating function of a χ2
(n) random variable is given by (1− 2t)−n/2.

Use the above fact to show that [4]

V ≡ 2 θ U ∼ χ2
(2), where U ∼ exponential(θ) (i.e., fU (u) = θ e−θ u, u > 0.)

(b.) Show that
θ1 X̄

θ2 Ȳ
∼ F 2n

2m. [3]

(c.) Fact : that expectation of Fα
β -distribution exists if β > 2 and the expectation is β

β−2 .
Use this fact to come up with an unbiased estimator of θ2

θ1
, when m ≥ 2. [2]

(d.) Derive a formula for 100(1− α)% confidence interval for θ2
θ1

. [3]
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